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Abstract. Higher dimensional automata (HDA) are a model of concurrency that
can express most of the traditional partial order models like Mazurkiewicz traces,
pomsets, event structures, or Petri nets. Modal logics, interpreted over Kripke struc-
tures, are the logics for reasoning about sequential behavior and interleaved con-
currency. Modal logic is a well behaved subset of first-orderlogic; many variants
of modal logic are decidable. However, there are no modal-like logics for the more
expressiveHDA models. In this paper we introduce and investigate a modal logic
overHDAs which incorporates two modalities for reasoning about “during” and
“after”. We prove that this general higher dimensional modal logic (HDML) is de-
cidable and we define a complete axiomatic system for it. We also show how, when
theHDA model is restricted to Kripke structures, a syntactic restriction of HDML

becomes the standard modal logic. Then we isolate the class of HDAs that encode
Mazurkiewicz traces and show howHDML can be restricted to LTrL (the linear
time temporal logic over Mazurkiewicz traces).

1 Introduction

Higher dimensional automata(HDAs) are a general formalism for modeling concurrent
systems [14,21]. In this formalism concurrent systems can be modeled at different levels
of abstraction, not only as all possible interleavings of their concurrent actions.HDAs

can model concurrent systems at any granularity level and make no assumptions about
the durations of the actions. Moreover,HDAs are not constrained to only before-after
modeling and expose explicitly the choices in the system. Itis a known issue in concur-
rency models that the combination of causality, concurrency, and choice is difficult; in
this respect,HDAs and Chu spaces [15] do a fairly good job [17].

Higher dimensional automata are more expressive than most of the models based on
partial orders or on interleavings (e.g., Petri nets and therelated Mazurkiewicz traces,
or the more general partial order models like pomsets or event structures). Therefore,
one only needs to find the right class ofHDAs in order to get the desired models of
concurrency.

Work has been done on defining temporal logics over Mazurkiewicz traces [9] and
strong results like decidability and expressive completeness are known [5, 20]. For gen-
eral partial orders, temporal logics usually become undecidable [2]. For the more expres-
sive event structures there are fewer works; a modal logic isinvestigated in [6].

There is hardly any work on logics for higher dimensional automata [17] and, as
far as we know, there is no work onmodal logics forHDAs. In practice, one is more
comfortable with modal logics, like temporal logics or dynamic logics, because these are
generally decidable (as opposed to full first-order logic, which is undecidable).

⋆ The appendix is for reviewing purpose only and should not be regarded as part of the paper; it
contains the full proofs for all the results.

0 A technical report of this paper, containing proofs and moreexplanations, appeared as [18].
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Fig. 1. Example of aHDA with two concurrent events.

That is why in this paper we introduce and develop a logic in the style of standard
modal logic. This logic hasHDAs as models, hence, the namehigher dimensional modal
logic (HDML). This is our basic language to talk about general models of concurrent
systems. For this basic logic we prove decidability using a filtration argument. Also, we
provide an axiomatic system and prove it is sound and complete for the higher dimen-
sional automata.HDML in its basic variant is shown to become standard modal logic
when the language and the higher dimensional models are restricted in a certain way.

HDML contrasts with standard temporal/modal logics in the fact that HDML can
reason aboutwhat holds “during” some concurrent events are executing. The close re-
lated logic for distributed transition systems of [7] is in the same style of reasoning only
about what holds “after” some concurrent events have finished executing. As we show in
the examples section, the “after” logics can be encoded inHDML, hence also the logic
of [7].

The other purpose of this work is to provide a general framework for reasoning about
concurrent systems at any level of abstraction and granularity, accounting also for choices
and independence of actions. Thus, the purpose of the examples in Section 3 is to show
that studyingHDML, and particular variants of it, is fruitful for analyzing concurrent
systems and their logics. In this respect we study variants of higher dimensional modal
logic inspired by temporal logic and dynamic logic. Alreadyin Section 3.2 we add to
the basic language anUntil operator, in the style of temporal logics. We show how this
variant ofHDML, when interpreted over the class ofHDAs corresponding to Kripke
structures, can be particularized to LTL [11]. A second variant, in Section 3.3, decorates
the HDML modalities with labels. This multi-modal variant ofHDML together with
theUntil operator, when interpreted over the class ofHDAs that encodes Mazurkiewicz
traces, becomes LTrL [20] (the linear time temporal logic over Mazurkiewicz traces).

2 Modal Logic over Higher Dimensional Automata

In this section we define a higher dimensional automaton (HDA) following the defini-
tion and terminology of [17,21]. Afterwards, we proposehigher dimensional modal logic
(HDML) for reasoning about concurrent systems modeled asHDAs. The semantic inter-
pretation of the language is defined in terms ofHDAs (i.e., theHDAs, with a valuation
function attached, are the models we propose forHDML).

For an intuitive understanding of theHDA model consider the standard example
[17, 21] pictured in Figure 1. It represents aHDA that models two concurrent events
which are labeled bya andb (one might have the same labela for both events). TheHDA

has four states,q10 to q40 , and four transitions between them. This would be the standard
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picture for interleaving, but in the case ofHDA there is also a squareq2. Traversing
through the interior of the square means that both events areexecuting. When traversing
on the lower transition means that event one is executing butevent two has not started
yet, whereas, when traversing through the upper transitionit means that event one is
executing and event two has finished already. In the states there is no event executing, in
particular, in stateq30 both events have finished, whereas in stateq10 no event has started
yet.

In the same manner,HDAs allow to represent three concurrent events through a cube,
or more events through hypercubes. Causality of events is modeled by sticking such
hypercubes one after the other. For our example, if we omit the interior of the square
(i.e., the greyq2 is removed) we are left with a description of a system where there is the
choice between two sequences of two events, i.e.,a; b+ b; a.

Definition 2.1 (higher dimensional automata).A cubical setH = (Q, s, t) is formed
of a family of setsQ =

⋃∞
n=0Qn with all setsQn disjoint, and for eachn, a family of

mapssi, ti : Qn → Qn−1 with 1 ≤ i ≤ n which respect the followingcubical laws:

αi ◦ βj = βj−1 ◦ αi, 1≤ i<j≤n andα, β ∈{s, t}. (1)

In H , the s and t denote the collection of all the maps from all the families (i.e., for
all n). A higher dimensional structure(Q, s, t, l) over an alphabetΣ is a cubical set
together with alabeling functionl : Q1 → Σ which respectsl(si(q)) = l(ti(q)) for all
q ∈ Q2 and i ∈ {1, 2}.1 A higher dimensional automaton(Q, s, t, l, I, F ) is a higher
dimensional structure with two designated sets ofinitial and final cells I ⊆ Q0 and
F ⊆ Q0.

We call the elements ofQ0, Q1, Q2, Q3 respectivelystates, transitions, squares, and
cubes, whereas the general elements ofQn are called n-dimensional cubes (or hyper-
cubes). We call generically an element ofQ acell (also known as n-cell). For a transition
q ∈ Q1 thes1(q) andt1(q) represent respectively its source and its target cells (which
arestatesfromQ0 in this case). Similarly for a general cellq ∈ Qn there aren source
cells andn target cells all of dimensionn− 1. Intuitively, an n-dimensional cellq repre-
sents a configuration of a concurrent system in whichn events are performed at the same
time, i.e., concurrently. A source cellsi(q) represents the configuration of the system
before the starting of theith event, whereas the target cellti(q) represents the configura-
tion of the system immediately after the termination of theith event. A transition ofQ1

represents a configuration of the system in which a single event is performed.
The cubical laws account for the geometry (concurrency) of the HDAs; there are

four kinds of cubical laws depending on the instantiation ofα andβ. For the example of
Figure 1 consider the cubical law whereα is instantiated tot andβ to s, andi = 1 and
j = 2: t1(s2(q2)) = s1(t1(q2)). In the left hand side, the second source cell ofq2 is, in
this case, the transitions2(q2) = q11 = (q10 , q

2
0) and the first target cell ofq11 is q20 (the

only target cell becauses2(q2) ∈ Q1); this must be the same cell when taking the right
hand side of the cubical law, i.e., the first target cell ist1(q2) = q21 = (q20 , q

3
0) and the

first source ofq21 is q20 .
We propose the language of higher dimensional modal logic for talking about con-

current systems.HDML follows the tradition and style of standard modal languages[3].

1 Later, in Definition 3.12, the labeling is extended naturally to all cells.
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H, q |= φ iff φ ∈ V(q).
H, q 6|= ⊥
H, q |= ϕ1 → ϕ2 iff when H, q |= ϕ1 thenH, q |= ϕ2.
H, q |= {}ϕ iff assumingq ∈ Qn for somen,

∃q′ ∈ Qn+1 s.t.si(q
′) = q for some1 ≤ i ≤ n, andH, q′ |= ϕ.

H, q |= 〈〉ϕ iff assumingq ∈ Qn for somen,
∃q′ ∈ Qn−1 s.t.ti(q) = q′ for some1 ≤ i ≤ n, andH, q′ |= ϕ.

Table 1.Semantics forHDML.

Definition 2.2 (higher dimensional modal logic).A formulaϕ in higher dimensional
modal logic is constructed using the grammar below, from a set ΦB of atomic propo-
sitions, withφ ∈ ΦB , which are combined using the propositional symbols⊥ and →
(from which all other standard propositional operations are generated), and using the
modalities{} and〈〉.

ϕ := φ | ⊥ | ϕ → ϕ | {}ϕ | 〈〉ϕ

We call{} theduring modalityand〈〉 the terminate modality. The intuitive reading
of {}ϕ is: “pick some event from the ones currently not running (must exist at least one
not running) and start it; in the new configuration of the system (during which, one more
event is concurrently executing) the formulaϕmust hold”. The intuitive reading of〈〉ϕ is:
“pick some event from the ones currently running concurrently (must exist one running)
and terminate it; in the new configuration of the system the formulaϕ must hold”. This
intuition is formalized in the semantics ofHDML.

The choice of our notation is biased by the intuitive usage ofthese modalities where
the terminate modality talks about what happens after some event is terminated; in this
respect being similar to the standard diamond modality of dynamic logic. Later, in Sec-
tion 3.3, these modalities are decorated with labels. The during modality talks about what
happens during the execution of some event and hence we adoptthe notation of Pratt [12].

The models ofHDML are higher dimensional structures together with a valuation
functionV : Q→ 2ΦB which associates a set of atomic propositions to each cell (of any
dimension). This means thatV assigns some propositions to each state of dimension 0, to
each transition of dimension 1, to each square of dimension 2, to each cube of dimension
3, etc. Denote a model ofHDML by H = (Q, s, t, l,V). A HDML formula is evaluated
in a cell of such a modelH.

One may see theHDML models as divided intolevels, each level increasing the
concurrency complexity of the system; i.e., levelQn increases the complexity compared
to levelQn−1 by adding one more event (to haven events executing concurrently instead
of n − 1). The levels are linked together through thesi andti maps. With this view in
mind the during and terminate modalities should be understood as jumping from one
level to the other; the{} modality jumps one level up, whereas the〈〉 modality jumps
one level down.

Definition 2.3 (satisfiability). Table 1 defines recursively the satisfaction relation|= of
a formulaϕ w.r.t. a modelH in a particular n-cellq (for some arbitraryn); denote this
asH, q |= ϕ. The notions of satisfiability and validity are defined as usual.

Both modalities have an existential flavor. In particular note thatH, q0 6|= 〈〉ϕ, for
q0 ∈ Q0 a state, because there is no event executing in a state, and thus no event can
be terminated. Similarly, for the during modality,H, qn 6|= {}ϕ for any n-cellqn ∈ Qn
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when all setsQk, with n < k, are empty (i.e., the family of setsQ is bounded byn). This
says that there can be at mostn events running at the same time, and when reaching this
limit one cannot start another event and therefore{}ϕ cannot be satisfied.

The universal correspondents of{} and〈〉 are defined in the standard style of modal
logic. We denote these modalities by respectively[{}]ϕ and[ ]ϕ. The intuitive reading of
[ ]ϕ is: “pick any of the events currently running concurrently and after terminating it,ϕ
must hold in the new configuration of the system”. Note that this modality holds trivially
for any stateq0 ∈ Q0, i.e.,H, q0 |= [ ]ϕ.

2.1 Decidability and completeness

In the rest of this section we prove that satisfiability forHDML is decidable using the
filtration technique [3]. Then we give an axiomatic system for HDML and prove its
soundness and completeness. Completeness is based on constructing canonical models.

The filtration for the states is the same as in the standard modal logic, but for cells
of dimension at least1 we need to take care that the mapst ands in the filtration model
remain maps and that they respect the cubical laws so that thefiltration is still aHDML

model. This can be done, but the filtration model is bigger than what is obtained in the
case of standard modal logic. On top, the proof of the small model property (Theo-
rem 2.10) is more involved due to the complexities of the definition of filtration given
in Definition 2.5.

Definition 2.4 (subformula closure).Thesubformula closureof a formulaϕ is the set
of formulasC(ϕ) defined recursively as:

C(φ)
△

= {φ}, for φ ∈ ΦB

C(ϕ1 → ϕ2)
△

= {ϕ1 → ϕ2} ∪ C(ϕ1) ∪ C(ϕ2)

C({}ϕ)
△

= {{}ϕ} ∪ C(ϕ)

C(〈〉ϕ)
△

= {〈〉ϕ} ∪ C(ϕ)

Thesizeof a formula (denoted|ϕ|) is calculated by summing the number of Boolean
and modal symbols with the number of atomic propositions and⊥ symbols that appear in
the formula. (All instances of a symbol are counted.) The size of the subformula closure
of a formulaϕ is linear in the size of the formula,|C(ϕ)| ≤ |ϕ|.

Definition 2.5 (filtration). Given a formulaϕ, we define below a relation≡ (which
is easily proven to be an equivalence relation) over the cells of a higher dimensional
structureH, whereq, q′ ∈ Qi, for somei ∈ N:

q ≡ q′ iff for anyψ ∈ C(ϕ) then(H, q |= ψ iff H, q′ |= ψ).

A filtration modelHf ofH through the closure setC(ϕ) is a structure(Qf , sf , tf , lf ,Vf ):

Qf
n

△

= {[qn] | qn ∈ Qn}, where[qn] is

[q0]
△

= {q′ | q0 ≡ q′} whenq0 ∈ Q0, otherwise,

[qn]
△

= {q′ | qn ≡ q′ ∧ ti(q′) ∈ [pi] ∧ si(q
′) ∈ [p′i]

for all 1 ≤ i ≤ n and for some fixed[pi], [p
′
i] ∈ Q

f
n−1}.

s
f
i ([qn])

△

= [qn−1] iff for all p ∈ [qn], si(p) ∈ [qn−1].

t
f
i ([qn])

△

= [qn−1] iff for all p ∈ [qn], ti(p) ∈ [qn−1].

Vf ([q])
△

= V(q).
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Proposition 2.6 (filtration is a model).The filtrationHf of a modelH through a clo-
sure setC(ϕ) is a higher dimensional structure (i.e., is still aHDML model).

Proof (sketch).Essentially, the proof amounts to showing that the definitions ofsf
i and

t
f
i are that ofmaps(as required in a higher dimensional structure) and that they respect

thecubical laws(see full proof as Lemma A.3).

Lemma 2.7 (sizes of filtration sets).Each setQf
n of the filtrationHf obtained in Defi-

nition 2.5 has finite size which depends on the size of the formulaϕ used in the filtration;
more precisely eachQf

n is bounded from above by2|ϕ|·N whereN = n! ·
∑n

k=0
2k

(n−k)! .

Proof. The case for0 is simple as the number of equivalence classes ofQ0 can be maxi-
mum the number of subsets of the subformula closureC(ϕ) which is2|ϕ|.

The case forn = 1 is based on the size ofQf
0 . Each of the2|ϕ| equivalence classes

in whichQf
1 can be divided may have infinitely many cells. Any such equivalence class

can still be broken into smaller subsets depending on the maps t1 ands1. Becauset1
can have outcome in any of the[q0] ∈ Q

f
0 , we get a first split into2|ϕ| subdivisions.

For each of these we can still split it into2|ϕ| more subdivisions because ofs1. We thus
get a maximum of2|ϕ| · (2|ϕ|)2·1. For the general case ofn we need to consider all
mapsti, si, that means2 · n maps. For each of these maps we split the2|ϕ| possible
initial equivalence classes according to the size ofO

f
n−1. Thus we get a maximum of

2|ϕ| · (|Qf
n−1|)

2·n subdivisions. Calculating this series gives the bound on the size ofQf
n

as being2|ϕ|·N whereN = n! ·
∑n

k=0
2k

(n−k)! .

Lemma 2.8 (filtration lemma). Let Hf be the filtration ofH through the closure set
C(ϕ), as in Definition 2.5. For any formulaψ ∈ C(ϕ) and any cellq ∈ H, we have
H, q |= ψ iff Hf , [q] |= ψ.

We define twodegrees of concurrencyof a formulaϕ: the upwards concurrency
(denoted|ϕ|uc) and downwards concurrency(denoted|ϕ|dc). The degree of upwards
concurrency counts the maximum number of nestings of the during modality{} that are
not compensated by a〈〉 modality. (E.g., the formula{}{}φ ∨ {}φ′ has the degree of
upwards concurrency equal to2, the same as{}〈〉{}{}φ.) The formal definition of| |uc

is:
|⊥|uc

△

= |φ|uc
△

= 0, for φ ∈ ΦB

|ϕ1 → ϕ2|uc
△

= max(|ϕ1|uc, |ϕ2|uc)

|{}ϕ|uc
△

= 1 + |ϕ|uc

|〈〉ϕ|uc
△

= max(0, |ϕ|uc − 1)

The definition of the degree of downwards concurrency| |dc is symmetric to the one
above in the two modalities; i.e., interchange the modalities in the last two lines. Note that
|ϕ|uc + |ϕ|dc ≤ |ϕ|. The next result offers a safe reduction of a model where we remove
all cells which have dimension greater than some constant depending on the formula of
interest.

Lemma 2.9 (concurrency boundedness).If a HDML formulaϕ is satisfiable,H, q |=
ϕ with q ∈ Qk, then it exists a model with all the setsQm, withm > |ϕ|uc + k, empty,
which satisfies the formula.
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Notation: The formula〈〉φ ∧ 〈〉¬φ expresses that there can be terminated at least two
different events (in other words, the cell in which the formula is evaluated to true has
dimension at least two). Similarly the formula〈〉(φ∧¬φ′)∧ 〈〉(¬φ∧¬φ′)∧ 〈〉(¬φ∧φ′)
says that there are at least three events that can be terminated. For eachi ∈ N∗ one
can write such a formula to say that there are at leasti events that can be terminated.
Denote such a formula by〈〉i. Also define〈〉iϕ asi applications of the〈〉 modality toϕ
(i.e.,〈〉 . . . 〈〉ϕ where〈〉 appearsi times). Similar, for the during modality denote{}i the
formula that can starti different events, and by{}iϕ thei applications of{} toϕ.

Theorem 2.10 (small model property).If a HDML formula ϕ is satisfiable then it
is satisfiable on a finite model with no more than

∑|ϕ|
n=0 2|ϕ|·N cells whereN = n! ·

∑n
k=0

2k

(n−k)! .

Proof. Note first that it is easy to prove that any formula〈〉i → 〈〉i⊤ is valid, for any
i ∈ N∗. Because of this, the downwards concurrency measure for a formula may be
misleading as|〈〉i|dc = 1 whereas|〈〉i⊤|dc = i. On the other hand the dimension|〈〉i|
grows faster than linear withi. It is easy to see that|〈〉i| > |〈〉i⊤|dc. If our formulaϕ has
subformulas of the kind|〈〉i|dc then the measure|ϕ|dc must be adjusted accordingly. In
any case, it is clear that even after adjustment|ϕ|dc ≤ |ϕ| − |ϕ|uc.

Assume that there exists a modelH and a cellq ∈ Ql in this model for which
H, q |= ϕ. We can prove, analogous to the proof of Lemma 2.9, that for a formulaϕ
one needs to look at cells of dimension at least|ϕ|dc. A more coarse approximation is
to say that one needs all the setsQn with n ≤ |ϕ| − |ϕ|uc. Thus, we can safely assume
l ≤ |ϕ| − |ϕ|uc.

From Lemma 2.9 we know that we need to consider only the setsQm for m ≤
l + |ϕ|uc ≤ |ϕ|, and all other setsQ are empty. From Lemma 2.8 we know that we can
build a filtration modelHf s.t. the formulaϕ is still satisfiable and, by Lemma 2.7, we
know that all the setsQf

m have a finite number of cells. Thus we can sum up all the cells
in all theQf

m, withm ≤ |ϕ|.

Corollary 2.11 (decidability). Deciding the satisfiability of aHDML formulaϕ is done
in space at most

∑|ϕ|
n=0 2|ϕ|·N whereN is defined in Theorem 2.10.

In the following we go on giving an axiomatic system forHDML and prove it sound
and complete. In Table 2 we give a set of axioms and rules of inference forHDML. If a
formula isderivablein this axiomatic system we write⊢ ϕ. We say that a formulaϕ is
derivable from a set of formulasS iff ⊢ ψ1 ∧ · · · ∧ ψn → ϕ for someψ1, . . . , ψn ∈ S

(we write equivalentlyS ⊢ ϕ). A set of formulasS is said to beconsistentif S 6 ⊢⊥,
otherwise it is said to beinconsistent. A consistent setS is calledmaximaliff all setsS′,
with S ⊂ S′, are inconsistent.

Theorem 2.12 (soundness).The axiomatic system of Table 2 is sound. Formally∀ϕ : ⊢
ϕ ⇒ |= ϕ.

Proof (sketch).The proof tests that all axioms are valid and that all inference rules pre-
serve validity. We check only the non-standard axioms (A5) to (A9’).

We fix now some terminology and notation. Denote by¬C(ϕ) = C(ϕ)∪{¬ϕ′ | ϕ′ ∈
C(ϕ)} the set of subformulas, as in Definition 2.4, together with their negated forms. A
set of formulasA is called anatomfor ϕ if A is a maximal consistent subset of¬C(ϕ).
DenoteAt(ϕ) the set of all atoms forϕ. Atoms are sets of formulas which are free of
immediate propositional inconsistencies (likeφ ∧ ¬φ).
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Axiom schemes:
(A1) All instances of propositional tautologies.
(A2) {}⊥ ↔⊥ (A2’) 〈〉⊥ ↔⊥
(A3) {}(ϕ ∨ ϕ′) ↔ {}ϕ ∨ {}ϕ′ (A3’) 〈〉(ϕ ∨ ϕ′) ↔ 〈〉ϕ ∨ 〈〉ϕ′

(A4) [{}]ϕ ↔ ¬{}¬ϕ (A4’) [ ]ϕ ↔ ¬〈〉¬ϕ

(A5) 〈〉i → 〈〉i⊤ ∀i ∈ N∗ (A5’) {}i⊤ → {}i ∀i ∈ N∗

(A6) 〈〉[ ]ϕ → [ ]〈〉ϕ (A6’) {}[{}]ϕ → [{}]{}ϕ
(A7) {}[ ]ϕ → [ ]{}ϕ (A7’) 〈〉[{}]ϕ → [{}]〈〉ϕ
(A8) {}〈〉i⊤→ [{}]〈〉i⊤ ∀i ∈ N (A8’) 〈〉〈〉i⊤→ [ ]〈〉i⊤ ∀i ∈ N
(A9) 〈〉i⊤→ [{}]〈〉〈〉i⊤ ∀i ∈ N (A9’) {}〈〉〈〉i⊤→ 〈〉i⊤ ∀i ∈ N

Inference rules:

(R1)
ϕ ϕ → ϕ′

(MP)
ϕ

′

(R2)
ϕ → ϕ′

(D)
{}ϕ → {}ϕ′

(R2’)
ϕ → ϕ′

(D)
〈〉ϕ → 〈〉ϕ′

(R3) Uniform variable substitution.
Table 2.Axiomatic system forHDML.

Lemma 2.13 (properties on atoms).Standard results for atoms tell us that for some
formulaϕ and any atomA ∈ At(ϕ) then we have that:

(i). for all ψ ∈ ¬C(ϕ) then only one ofψ or ¬ψ are inA;
(ii). for all ψ → ψ′ ∈ ¬C(ϕ) thenψ → ψ′ ∈ A iff wheneverψ ∈ A thenψ′ ∈ A;
(iii). if ψ ∈ ¬C(ϕ) andψ is consistent then there exists anA ∈ At(ϕ) s.t.ψ ∈ A; (This

is an analog of Lindenbaum’s Lemma.)
(iv). any consistent set of formulasS ⊆ ¬C(ϕ) can be grown to an atomAS ∈ At(ϕ).

Definition 2.14 (canonical saturatedHDA). AHDA is calledcanonical for the formula
ϕ if a canonical labelingλ : Q → At(ϕ) can be attached to theHDA. A labeling is
canonicalif the following conditions hold:

1. for anyqn ∈ Qn, qn−1 ∈ Qn−1, for somen > 0, and∀0 ≤ i ≤ n, if si(qn) = qn−1

then∀ψ ∈ ¬C(ϕ) if ψ ∈ λ(qn) then{}ψ ∈ λ(qn−1),
2. for anyqn ∈ Qn, qn−1 ∈ Qn−1, for somen > 0, and∀0 ≤ i ≤ n, if ti(qn) = qn−1

then∀ψ ∈ ¬C(ϕ) if ψ ∈ λ(qn−1) then〈〉ψ ∈ λ(qn).

A canonicalHDA is calledsaturatedif:

1. whenever{}ψ ∈ λ(qn−1) then∃qn ∈ Qn and∃0 ≤ i ≤ n s.t.si(qn) = qn−1 and
ψ ∈ λ(qn),

2. whenever〈〉ψ ∈ λ(qn) then∃qn−1 ∈ Qn−1 and∃0 ≤ i ≤ n s.t.ti(qn) = qn−1 and
ψ ∈ λ(qn−1).

Lemma 2.15 (truth lemma). In a canonical saturatedHDA H with the valuation de-
fined asV(qn) = {φ ∈ ΦB | φ ∈ λ(qn)}, it holds thatH, qn |= ψ iff ψ ∈ λ(qn).

To prove completeness of the axiomatic system all that remains is to show that for
any consistent formulaϕ we can build such a canonical saturatedHDA. While building
the canonical saturatedHDA we constantly struggle to saturate theHDA (that we work
with) while respecting the canonicity. Such not saturatedHDAs are calleddefective, as
they may have defects, which we formally define below. But important is that any of these
defects can be repaired. This is what the repair lemma does, using the twoenrichingand
lifting constructions. The completeness theorem then shows that while starting with a
minimal canonicalHDA we can incrementally build a defect free canonicalHDA.
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Definition 2.16 (defects).There are two types of defects forH (corresponding to a vio-
lation of a saturation condition):

– a D1 defectof H is a cellqn ∈ Qn with {}ψ ∈ λ(qn) for which there is noqn+1 ∈
Qn+1 and no1 ≤ i ≤ n+ 1, with si(qn+1) = qn andψ ∈ λ(qn+1);

– a D2 defectof H is a cellqn ∈ Qn with 〈〉ψ ∈ λ(qn) for which there is noqn−1 ∈
Qn−1 and no1 ≤ i ≤ n− 1, with ti(qn) = qn−1 andψ ∈ λ(qn−1).

For twoHDAs, H1 andH2 we say thatH2 extendsH1 (writtenH2 ⊲ H1) iff H2

has all the cells (with the same labels) and maps ofH1 and possibly some new cells and
maps (i.e., some extra structure).

Lemma 2.17 (enriching construction).For a canonical modelH, there exists a con-
struction (see Appendix), which we callenriching of theH w.r.t. q and a formula{}ϕ ∈
λ(q), builds a modelH′ which is canonical and extendsH (i.e.,H′ ⊲ H).

Theenriching constructionadds one new cell that hasq as one of its sources and is
labeled with an atom containingϕ. Moreover, all the other maps of this new cell need to
be added, together with all the necessary new cells, respecting the cubical laws.

The following lifting constructionlifts all the cells of each level one level up by
adding one news andt map to each. The cubical laws make sure that these new maps
reach only new cells; none of the old cells (that are lifted) are involved in these new
instances of the cubical laws. We need to be careful how we label all these new cells s.t.
the canonicity is respected for the extendedH′.

Lemma 2.18 (lifting construction). For a canonical modelH, there exists a construc-
tion (see Appendix), which we calllifting of the H w.r.t. q and a formula〈〉ϕ ∈ λ(q),
builds a modelH′ which is canonical and extendsH (i.e.,H′ ⊲ H).

Lemma 2.19 (repair lemma).For any canonicalHDAH that has a defect we can build
a correspondingH′ which is canonical and does not have this defect.

Proof. Consider that the canonicalH from the statement has a defect of type D1. Apply
the enriching constructionto H w.r.t. the defective cellqn and the formulaψ (where
{}ψ ∈ λ(qn)). The enriching lemma ensures that the new modelH′ extendsH and is
canonical. It is clear that the enriched modelH′ does not have the defect thatH had.

Consider that the canonicalH from the statement has a defect of type D2. Apply the
lifting constructionto H w.r.t. the defective cellqn (for which 〈〉ψ ∈ λ(qn)), to obtain,
cf. lifting lemma, a canonicalH′ that extendsH. It is clear that the new model does not
have the defect thatH had.

Theorem 2.20 (completeness).The axiomatic system of Table 2 is complete. Formally
∀ϕ : |= ϕ ⇒ ⊢ ϕ.

Proof. Using the truth lemma 2.15, the proof amounts to showing thatfor any consistent
formulaϕ we can build a canonical saturatedHϕ that has a cell labeled with an atom
that containsϕ. We constructHϕ in steps starting withH0

ϕ which contains only one cell
q00 of dimension0 labeled with an atom containingϕ, i.e.,λ(q00) = Aϕ. Trivially, H0

ϕ

is canonical. The cells used to construct our model are picked (in the right order) from
the following setsSi = {qj

i | j ∈ ω} wherei ∈ ω corresponds to the dimensioni. Any
of these cells may have defects and thus, we list all the defects, i.e., all the cells, and
try to repair them in increasing order (i.e., we treat first defects on level0 and continue
upwards).
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At some stepn ≥ 0 in the construction we considerHn
ϕ = (Qn, sn, tn, ln) canonical.

If Hn
ϕ is not saturated then pick the smallest defect cell ofHn

ϕ. For a D1 defect, i.e., a
cell qk ∈ Qk and formula{}ψ ∈ λ(qk), apply enrich (k,qk,ψ) and obtain a modelHn+1

ϕ

which is canonical, cf. Lemma 2.17, and does not have the D1 defect, cf. Lemma 2.19.
For a D2 defect apply the lifting construction to remove the defect. Moreover, any re-
paired defect will never appear in any extension model, independent of how many times
we apply the enriching or lifting constructions. Both enriching and lifting pick their new
cells fromS in increasing order. We obtainHϕ as a limit construction from all theHn

ϕ;
i.e.,Hϕ = (Q, s, t, l) asQ =

⋃
n∈ω Q

n, s =
⋃

n∈ω s
n, t =

⋃
n∈ω t

n, l =
⋃

n∈ω l
n.

3 Examples of Encodings into Higher Dimensional Modal Logic

This section serves to exemplify two main ways of usingHDML. One usage is as a
highly expressive logic in which many other logics for different concurrency models
can be encoded; in this respect we study the relation ofHDML with standard modal
logic, LTL, and with linear time temporal logic over Mazurkiewicz traces LTrL. The
other usage is as a general theoretical framework for studing different logics for different
concurrency models (that can be expressed as some class ofHDA) and their interrelation.
This is done by finding the apropriate restrictions ofHDA andHDML and investigating
their relations inHDML.

3.1 Encoding standard modal logic into HDML

Lemma 3.1 (Kripke structures). The class of Kripke structures is captured by the class
of higher dimensional structures where all setsQn, for n > 1, are empty.

Proof. Essentially this result is found in [21]. AHDAK = (Q0, Q1, s1, t1, l) is a special
case ofHDAs where allQn = ∅ for n > 1. This is the class ofHDAs that encode
Kripke frames. BecauseQ2 (and all other cells of higher dimension) is empty there are
no cubical laws applicable. Therefore, there is no geometric structure onK. Moreover,
the restriction on the labeling functionl is not applicable (asQ2 is empty). Add to such
aHDA a valuation functionV to obtain a Kripke model(Q0, Q1, s1, t1, l,V).

Proposition 3.2 (axiomatization of Kripke HDAs). The class of higher dimensional
structures corresponding to Kripke structures (from Lemma3.1) is axiomatized by:

|= ¬〈〉⊤ → [{}][{}]⊥

Proof (sketch).For anyHDA H and anyq ∈ Q a cell of any dimension, we prove the
double implication:H, q |= ¬〈〉⊤ → [{}][{}]⊥ iff H is as in Lemma 3.1.

Theorem 3.3 (standard modal logic).Consider the syntactic definition♦ϕ
△

= {}〈〉ϕ.
The language ofstandard modal logicuses only♦ and is interpreted only over higher
dimensional structures as defined in Lemma 3.1 and only in cells ofQ0.

Proof (sketch).First we check that we capture exactly the semantics of standard modal
logic. Second we check that we recover the axiomatic system of standard modal logic for
♦ from the axiomatic system ofHDML.
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3.2 Adding an Until operator and encoding LTL

The basic temporal logic is the logic with only theeventuallyoperator (and the dualal-
ways). This language is expressible in the standard modal logic [3] and thus is expressible
in HDML too. It is known that theUntil operatorU adds expressivity to LTL (eventually
andalwaysoperators can be encoded withU but not the other way around).

TheUntil operator cannot be encoded inHDML because of the local behavior of the
during and terminate modalities; similar arguments as in modal logic about expressing
U apply toHDML too. TheUntil modality talks about the whole model (about all the
configurations of the system) in an existential manner. Moreprecisely, theUntil says
that there must exist some configuration in the model, reachable from the configuration
whereUntil is evaluated, satisfying some propertyϕ and in all the configurations on all
the paths reaching theϕ configuration some other propertyψ must hold. Hence we need
a notion ofpathin aHDA.

Definition 3.4 (paths in HDAs). A simple stepin a HDA is eitherqn−1
si−→ qn with

si(qn) = qn−1 or qn
ti−→ qn−1 with ti(qn) = qn−1, whereqn ∈ Qn andqn−1 ∈ Qn−1

and1 ≤ i ≤ n. A pathπ
△

= q0
α0

−→ q1
α1

−→ q2
α2

−→ . . . is a sequence of single steps

qj αj

−→ qj+1, withαj ∈ {si, ti}. We say thatq ∈ π iff q = qj appears in one of the steps
in π. The first cell in a path is denotedst(π) and the ending cell in a finite path isen(π).

In the same spirit as done for temporal logic we boost the expressivity ofHDML by
defining anU operator over higher dimensional structures. Using this operator we can
encode the standardUntil operator of LTL.

Definition 3.5 (Until operator). Define an Until operatorϕU ϕ′ which is interpreted
over aHDA in a cell as below:

H, q |= ϕU ϕ′ iff ∃π ∈ H s.t.st(π) = q ∧ en(π) = q′,
H, q′ |= ϕ′, and ∀q′′ ∈ π, q′′ 6= q′ thenH, q′′ |= ϕ.

Proposition 3.6 (modeling LTL). The LTL Until modality is encoded syntactically by
ϕU ϕ′ △

= (ϕ∨〈〉⊤)U (ϕ′∧¬〈〉⊤) whenU is interpreted only in states of KripkeHDAs

as in Lemma 3.1.

3.3 Partial order models and their logics in HDML

This section is mainly concerned with Mazurkiewicz traces [8] as a model of concurrency
based on partial orders, because of the wealth of logics thathave been developed for
it [9,20]. Higher dimensional automata are more expressivethan most of the partial orders
models (like Mazurkiewicz traces, pomsets [13], or event structures [10]) as studied in
[16, 21]. The works of [16, 17, 21] show (similar in nature) how event structures can be
encoded in higher dimensional automata. Mazurkiewicz traces are a particular class of
event structures, precisely defined in [19]. We use this presentation, as a restricted partial
order, of Mazurkiewicz traces.

In the following we give definitions and standard results on partial orders, event struc-
tures, and Mazurkiewicz traces which are needed for the development of the higher di-
mensional modal logic for these models, in particular for Mazurkiewicz traces. In few
words, we isolate the class of higher dimensional automata corresponding to Mazurkiewicz
traces (and to partial orders or event structures in general) as the models of theHDML.
Then we restrictHDML to get exactly the logics over Mazurkiewicz traces (we focuson
the logics presented in [4,20]) and over general partial orders (like ISTL of [1]).
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Definition 3.7 (partial orders). A partially ordered set (orposet) is a setE equipped
with a partial order≤, (E,≤). Thehistoryof an elemente ∈ E (denoted↓e) is↓e = {e′ |
e′ ≤ e}. The notion of history is extended naturally to a set of elementsC ⊆ E (denoted
↓C). A configurationis a finite and history closed set of elements (i.e.,C =↓C). Denote
byC the set of all configurations. Theimmediate successorrelation⋖ ⊆ E×E is defined
ase ⋖ e′ iff e 6= e′ ande ≤ e′ and∀e′′ ∈ E, e ≤ e′′ ≤ e′ impliese = e′′ or e′ = e′′.
AΣ-labeled poset(E,≤, λ) is a poset with a labeling functionλ : E → Σ which maps
each element to a label fromΣ. Define atransition relationon the configurations of a
labeled poset as−→⊆ C×Σ×C given byC

a
−→ C′ iff ∃e ∈ E s.t.λ(e) = a ande 6∈ C

andC′ = C ∪ {e}.

When one sees the elements ofE as theeventsof a system, the labels can be seen as
the names of the actions that the events are instances of.

Definition 3.8 (Mazurkiewicz traces).Consider a symmetric irreflexiveindependence
relationI ⊆ Σ × Σ and its complementD = Σ × Σ \ I, called thedependence rela-
tion. Mazurkiewicz traces are labeled posets restricted by the independence relation as
follows:

∀e ∈ E, ↓e is finite,
∀e, e′ ∈ E, e⋖ e′ ⇒ (λ(e), λ(e′)) ∈ D,
∀e, e′ ∈ E, (λ(e), λ(e′)) ∈ D ⇒ e ≤ e′ or e′ ≤ e.

Definition 3.9 (event structures).Consider a symmetric irreflexive relation# ⊆ E ×
E. Thisconflict relationis added to a poset to form anevent structure(E,≤, #) where
the following restrictions apply:

∀e, e′, e′′ ∈ E, e# e′ ande′ ≤ e′′ impliese# e′′,
∀e, e′ ∈ E, e ∈ C ande# e′ impliese′ 6∈ C.

An event structure is calledfinitary iff ∀e ∈ E, ↓e is finite.

The second constraint on event structures says that the configurations of an event
structure are conflict-free. Define the relation of concurrency for an event structure to be:

co = E × E \ (#∪ ≤ ∪ ≤−1).

Proposition 3.10 (families of configurations).A finitary event structure(E,≤, #) is
uniquely determined by its family of configurationsCE (denoted(E, CE)).

Proof (sketch).This result is found in [17]. We summarize here the results leading to it.
The two relationse ≤ e′ ande# e′ are mutually exclusive, because, otherwise, the

set↓e′ would not be a configuration (because of the second constraint of Definition 3.9).
If two eventse, e′ do not appear together in any configuration ofCE then e# e′

(e# e′ iff ∄C ∈ CE s.t.e, e′ ∈ C).
If in any configuration wheree′ exists,e exists too thene ≤ e′ (e ≤ e′ iff ∀C ∈

CE , e
′ ∈ C ⇒ e ∈ C).

We usually use a labeled poset and work with labeled event structures(E,≤, # , λ),
or (E, CE , λ) when using their corresponding family of configurations.

Proposition 3.11 (traces as event structures).Any Mazurkiewicz trace, as in Defini-
tion 3.8, corresponds to atrace configuration structure, which is a labeled event structure
(E, CE , λ) that respects the following restriction:

λ is a nice labelingandcontext-independent,
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where nice labeling means
∀e, e′ ∈ E, λ(e) = λ(e′) ⇒ e ≤ e′ or e′ ≤ e

and context-independent means
∀a, b ∈ Σ, (λ−1(a) × λ−1(b)) ∩ co 6= ∅ ⇒ (λ−1(a) × λ−1(b)) ∩ ⋖ = ∅ .

Proof (sketch).This result is essentially found in [9, 19]. We remind how onegets the
independence relation of a Mazurkiewicz trace from a trace configuration structure:

I = {(a, b) | (λ−1(a) × λ−1(b)) ∩ co 6= ∅}.

One can view a configuration as a valuation of eventsE → {0, 1}, and thus we
can view an event structure as a valuationfE : 2E → {0, 1}, which selects only those
configurations that make the event structure.

The terminology that we adopt now steams from the Chu spaces representation of
HDAs [16,17]. We fix a setE, which for our purposes denotes events. Consider the class
of HDAs which have a single hypercube of dimension|E|, hence each event represents
one dimension in theHDA. This hypercube is denoted3E, in relation to2E , because in
theHDA case each event may be in three phases,not started, executing, andterminated
(as opposed to only terminated or not started). The valuation from before becomes now
E → {0, 1

2 , 1}, where 1
2 means executing. The set of three values is linearly ordered

0 < 1
2 < 1 to obtain anacyclicHDA [17], and all cells of3E (i.e., the configurations)

are ordered by the natural lifting of this order pointwise. The dimension of a cell is equal
to the number of12 in its corresponding valuation.

Notation: In the context of a single hypercube3E we denote the cells of the cube by
lists of |E| elementse1e2 . . . e|E| where eachei takes values in{0, 1

2 , 1} and represents
the status of theith event of theHDA.

With the above conventions, the cells of dimension0 (i.e., the states of theHDA)
are denoted by the corresponding valuation restricted to only the two values{0, 1}; and
correspond to the configurations of an event structure. The set of states of such aHDA

is partially ordered by the order< we defined before. In this way, from the hypercube
3E we can obtain any family of configurationsCE by removing all0-dimensional cells
that represent a configurationC 6∈ CE.2 By Proposition 3.10 we can reconstruct the event
structure.

In Definition 2.3 the interpretation of the during and terminate modalities ofHDML

did not take into consideration the labeling of theHDA. The labeling was used only for
defining the geometry of concurrency of theHDA. Now we make use of this labeling
function in the semantics of the labeled modalities of Definition 3.13. But first we show
how the labeling extends to cells of any dimension.

Definition 3.12 (general labeling).Because of the conditionl(si(q)) = l(ti(q)) for all
q ∈ Q2, all the edgese1 . . . ei−1

1
2 ei+1 . . . e|E|, with ej ∈ {0, 1} for j 6= i, have the

same label. Denote this as the labelli. The label of a general cellq ∈ Qn is the multiset
ofn labelslj1 . . . ljn

where thej’s are exactly those indexes in the representation ofq for
whichej has value1

2 .

As is the case with multi-modal logics or propositional dynamic logics, we extend
HDML to have a multitude of modalities indexed by some alphabetΣ (the alphabet of
theHDA in our case). This will be the same alphabet as that of the Mazurkiewicz trace
represented by theHDA.

2 We remove also all those cells of higher dimension that are connected with the 0-dimensional
cells that we have removed.
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Definition 3.13 (labeled modalities).Consider two labeled modalitiesduring{a}ϕ and
terminate〈a〉ϕ wherea ∈ Σ is a label from a fixed alphabet. The interpretation of the
labeled modalities is given below:

H, q |= {a}ϕ iff assumingq ∈ Qn for somen, ∃q′ ∈ Qn+1 s.t.
si(q

′) = q for some1 ≤ i ≤ n, l(q′) = l(q)a andH, q′ |= ϕ.
H, q |= 〈a〉ϕ iff assumingq ∈ Qn for somen, ∃q′ ∈ Qn−1 s.t.

ti(q) = q′ for some1 ≤ i ≤ n, l(q) = l(q′)a andH, q′ |= ϕ.

Having the labeled modalities one can get the unlabeled variants as a disjunction over
all labels{}ϕ

△

=
∨

a∈Σ{a}ϕ.
In the remaining of this section we show how the LTrL logic of [20] is captured in the

higher dimensional framework. This logic, as well as those presented in [4, 9], are inter-
preted in some particular configuration of a Mazurkiewicz trace (or of a partial order). We
take the view of Mazurkiewicz traces as restricted labeled posets from Proposition 3.8
but we use their representation using their corresponding family of configurations as in
Proposition 3.11. Therefore, we now interpretHDML over restrictedHDAs as we dis-
cussed above.

Proposition 3.14 (encoding LTrL). The language of LTrL consists of the propositional
part ofHDML together with the syntactic definitions of the Until operator U from Def-
inition 3.6 and〈a〉ϕ

△

= {a}〈a〉ϕ for a ∈ Σ. When interpreted only in the states of a
HDA representing a Mazurkiewicz trace this language has the same behavior as the one
presented in [20]

Proof. The states of theHDA are the configurations of the Mazurkiewicz trace. Thus, our
definition of the LTrL language is interpreted in one trace atone particular configuration;
as is done in [20]. The original semantics of LTrL uses transitions from one configuration
to another labeled by an element from the alphabetΣ of the trace. It is easy to see that
our syntactic definition of〈a〉ϕ has the same interpretation as the one in [20]. The proof
is similar to the proof of Theorem 3.3. TheUntil operator of [20] has the same definition
as the one in standard LTL and thus we use the one defined in Proposition 3.6; the proof
is easily adapted to the Mazurkiewicz traces setting.

4 Conclusion
We have introduced a modal logic calledHDML which is interpreted over higher di-
mensional automata. According to our knowledge, this has not been done before. The
language ofHDML is simple, capturing both the notions of “during” and “after”. The
associated semantics is intuitive, accounting for the special geometry of theHDAs. An
adaptation of the filtration method was needed to prove decidability. We have associated
to HDML an axiomatic system which incorporates the standard modal axioms and has
extra only few natural axioms related to the cubical laws andto the dimensions ofHDAs.
This system was proven to be complete forHDAs.

We isolated axiomatically the class ofHDAs that encode Kripke structures and
shown how standard modal logic is encoded intoHDML when interpreted only over
these restrictedHDAs. We then extended the expressiveness ofHDML by defining an
Until operator overHDAs. Using thisUntil operator, the LTL was encoded intoHDML

when interpreted over the KripkeHDAs.
As future work we are investigating a tableaux system forHDML. We are also try-

ing to understand better the relation ofHDML with other logics for weaker models
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of concurrency like with the modal logic of [6] for event structures or other logics for
Mazurkiewicz traces. Particularly interesting is how our results relate to the undecidabil-
ity results of [2] or to the logic of [1].

Regarding the expressiveness ofHDML, our current work focuses on finding the kind
of bisimulation that is characterized byHDML (and its extensions from Section 3). Stan-
dard bisimulations for concurrent systems like ST-bisimulation or split-bisimulation are
not characterized byHDML because of theduring modalityand the “during” behaviour
of HDML.

Acknowledgements:I thank Martin Steffen and Olaf Owe for their useful comments.
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A Proofs

Proposition A.1 (size of the closure).The size of the subformula closure of a formula
ϕ is linear in the size of the formula; i.e.,|C(ϕ)| ≤ |ϕ|.

Proof. The proof is easy, using structural induction and observingthat for the atomic
formulas the size of the closure is exactly1, the size of the formula. For a compound
formula like {}ϕ the induction hypothesis says that|C(ϕ)| ≤ |ϕ| which means1 +
|C(ϕ)| ≤ 1 + |ϕ|.

Lemma A.2. Any two sets[p], [q] ∈ Qf
n, for somen ∈ N, are disjoint.

Proof. By induction onn.
The base case forn = 0 is easy as the definition ofQf

0 results in the equivalence
classes onQ0 generated by the equivalence relation≡, which are disjoint.

Inductive step: Consider[p], [q] ∈ Qf
n, for which we assume that∃r ∈ Qn with

r ∈ [p] andr ∈ [q]. From the definition we get (1)q ≡ r ≡ p and, (2) for any1 ≤

i ≤ n and some fixed[p′i], [q
′
i] ∈ Q

f
n−1, ti(r) ∈ [p′i] andti(r) ∈ [q′i]. By the induction

hypothesis we know that[p′i] and[q′i] are disjoint, which, together with (2) before, implies
that [p′i] = [q′i] for all 1 ≤ i ≤ n. Because of this and (1) it implies that[q] = [p].
Therefore we have proven that if two sets[p], [q] ∈ Qf

n have a cell in common then they
must be the same. (Note that a similar treatment ofsi is needed.)

Lemma A.3.

1. The definitions ofsf
i and tfi are that of maps(as required in a higher dimensional

structure).
2. Thesf

i andtfi respect thecubical lawsof a higher dimensional structure.

Proof. For 1. we give the proof only fortfi , as the proof forsf
i is analogous. We use

reductio ad absurdumand assume, for some[q] ∈ Qf
n, thattfi ([q]) = [p] andtfi ([q]) =

[p′] with [p] 6= [p′] and [p], [p′] ∈ Q
f
n−1. From the definition we have that for allq ∈

[q] both ti(q) ∈ [p] andti(q) ∈ [p′]. From Lemma A.2 we know that[p] and [p′] are
disjoint and we know thatti is a map (i.e., the outcome is unique), therefore we have the
contradiction.

For 2. we have to prove, for some arbitrary chosen[q] ∈ Qf
n and for any1 ≤ i < j ≤

n that
t
f
i (tfj ([q])) = t

f
j−1(t

f
i ([q])).

(Note thattfi on the left side is different than thetfi on the right side, as the left one is
applied to elements ofQf

n−1 whereas the right one is applied to elements ofQf
n.) The

other three kinds of cubical laws are treated analogous onlythat one needs to reason with
thesi maps too.

Assume, wlog. because the opposite assumption would followanalogous reasoning,
thattfi (tfj ([q])) = [qn−2] with [qn−2] ∈ Q

f
n−2. This leads to considering thattfj ([q]) =

[qn−1] with [qn−1] ∈ Q
f
n−1, andtfi ([qn−1]) = [qn−2]. From the definition we have both:

(1) ∀q ∈ [q] : tj(q) ∈ [qn−1],
(2) ∀q ∈ [qn−1] : ti(q) ∈ [qn−2].
Therefore, from the two we have that
(3) ∀q ∈ [q] : ti(tj(q)) ∈ [qn−2].
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We want to prove that[qn−2] = t
f
j−1(t

f
i ([q])), for which we can assume, wlog.,

that tfi ([q]) = [q′n−1] for some[q′n−1] ∈ Q
f
n−1. Therefore, it amounts to proving that

t
f
j−1([q

′
n−1]) = [qn−2]. For this it is enough to find somep ∈ [q′n−1] s.t. tj−1(p) ∈

[qn−2], because by the Definition 2.5 (of theti maps) it means that∀p ∈ [q′n−1] it holds
thattj−1(p) ∈ [qn−2], i.e., our desired result.

From the assumption we have that∀q ∈ [q] : ti(q) ∈ [q′n−1]. Pick one of these
ti(q) and claim this to be thep ∈ [q′n−1] we are looking for. From the cubical laws for
the initial H model we know that for anyq ∈ [q], ti(tj(q)) = tj−1(ti(q)) = tj−1(p).
Because of (3) we have thattj−1(p) ∈ [qn−2], and thus our claim is proven; i.e,tj−1

applied to the elementti(q) that we picked from[q′n−1], is in [qn−2].

Proof (of Lemma 2.8).By induction on the structure of the formulaψ.

Base case: Forψ = φ is immediate from the definition ofVf .

Inductive step: The case for→ is straightforward making use of the induction hy-
pothesis because the setC(ϕ) is closed under subformulas.

Take nowψ = 〈〉ψ′ and we prove thatH, q |= 〈〉ψ′ iff Hf , [q] |= 〈〉ψ′. Considering
theonly if implication we assume that (cf. definition of satisfiabilityfrom Table 1)∃q′ ∈
Qn−1 : ti(q) = q′ ∧ q′ |= ψ′ for some1 ≤ i ≤ n, and have to prove that∃[p] ∈ Q

f
n−1 :

t
f
i ([q]) = [p] ∧ [p] |= ψ′ for some1 ≤ i ≤ n. Becauseq ∈ [q] andti(q) = q′, using the

definition of[q] it implies that for allq ∈ [q] is thatti(q) ∈ [q′] which, by the definition of
t
f
i , implies thattfi ([q]) = [q′]. (Thus we have found the[q′] ∈ Q

f
n−1.) From the induction

hypothesis we have thatH, q′ |= ψ′ implies thatHf , [q′] |= ψ′. This ends the proof.
Consider now theif implication and assume∃[p] ∈ Q

f
n−1 : tfi ([q]) = [p] ∧ [p] |= ψ′

for some1 ≤ i ≤ n. From the definition oftfi we have thatti(q) ∈ [p]; which is
the same as picking somep′ ∈ [p] with ti(q) = p′. From the induction hypothesis we
know thatHf , [p] |= ψ′ iff H, p |= ψ′ for anyp ∈ [p] (in particularH, p′ |= ψ′). Thus
∃p′ ∈ Qn−1 : ti(q) = p′ ∧H, p′ |= ψ′ for some1 ≤ i ≤ n, finishing the proof.

When we takeψ = {}ψ′ we use analogous arguments as in the proof of〈〉ψ′. In this
case we work with the definition ofsf

i and we look for cells of higher dimension (instead
of lower dimension).

Proof (of Lemma 2.9).By induction on the structure of the formulaϕ.

Base case: For φ ∈ ΦB and⊥ the evaluation is in the same cellq and thus all the
cells of dimension higher thank are not important and can be empty.

Inductive step: For ϕ1 → ϕ2 the semantics says that wheneverH, q |= ϕ1 then
H, q |= ϕ2. From the induction hypothesis we have that all cells of dimension greater that
k+ |ϕ1|uc (respectivelyk+ |ϕ2|uc) are not important for checkingϕ1 (respectivelyϕ2).
Thus it is a safe approximation to consider all the cells of atmost dimensionmax(k +
|ϕ1|uc, k + |ϕ2|uc) = k + |ϕ1 → ϕ2|uc and all setsQm of greater dimension can be
empty.

For{}ϕ the semantics says that we need to check the formulaϕ in cells of dimension
one greater, i.e.,qk+1 |= ϕ. From the induction hypothesis we know that for checking
qk+1 |= ϕ it is enough to have only cells of most dimensionk+1+ |ϕ|uc = k+ |{}ϕ|uc

(where all other cells can be removed).
For 〈〉ϕ the semantics says that we need to checkqk−1 |= ϕ, that is, in cells of

immediately lower dimension. By the induction hypothesis this means that it is enough
to consider only cells of at most dimensionk − 1 + |ϕ|uc for which k + |ϕ|uc is a safe
approximation.
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Proposition A.4 (theorems).The following are derivable in the axiomatic system of
Table 2:

⊢ {}(ϕ → ϕ′) → ({}ϕ → {}ϕ′),
⊢ 〈〉(ϕ → ϕ′) → (〈〉ϕ → 〈〉ϕ′),
⊢ (〈〉[ ]ϕ ∧ 〈〉[ ]¬ϕ) →⊥,
⊢ 〈〉[{}]⊥ → [{}]⊥,
⊢ {}⊤ → [ ]{}⊤,
⊢ 〈〉⊤ → ({}[ ]ϕ → 〈〉{}ϕ),
⊢ {}⊤ → (〈〉[{}]ϕ → {}〈〉ϕ),
⊢ [{}]〈〉⊤.
Moreover, one can use the following derived rules:
ϕ

,
[{}]ϕ

ϕ
,

[ ]ϕ

ϕ → ϕ′

,
[{}]ϕ → [{}]ϕ′

ϕ → ϕ′

.
[ ]ϕ → [ ]ϕ′

Proof. The first two theorems are derivable as in standard modal logic only using the
standard axioms (A2)-(A3’). The derived rules are also as instandard modal logic. The

third theorem is a consequence of (A6):〈〉[ ]ϕ ∧ 〈〉[ ]¬ϕ
(A6)
→ [ ]〈〉ϕ ∧ 〈〉[ ]¬ϕ

SML
→

〈〉(〈〉ϕ ∧ [ ]¬ϕ)
SML
→ 〈〉〈〉(ϕ ∧ ¬ϕ)

(A2′)
→ ⊥ . The forth theorem is a consequence of

(A7’): 〈〉[{}]⊥
(A7′)
→ [{}]〈〉⊥

(A2′)
→ [{}]⊥. The fifth theorem is a consequence of the theo-

rem before by contraposition. The sixth theorem is a consequence of (A7):({}[ ]ϕ
(A7)
→

[ ]{}ϕ) ↔ ({}[ ]ϕ ∧ 〈〉⊤ → [ ]{}ϕ ∧ 〈〉⊤) but [ ]{}ϕ ∧ 〈〉⊤ → 〈〉{}ϕ which means
that ({}[ ]ϕ ∧ 〈〉⊤ → 〈〉{}ϕ) ↔ 〈〉⊤ → ({}[ ]ϕ → 〈〉{}ϕ). The seventh theorem is
derivable in an analogous way as the one above only that we useaxiom (A7’). The eighth
theorem is just the instantiation of axiom (A9) wheni = 0 (i.e.,〈〉0⊤

△

= ⊤).

Proof (of Theorem 2.12).Before proving soundness we should have some intuition about
the non-standard axioms (A5) to (A9’). First consider the four axioms (A6) to (A7’)
that each relates to one of the four cubical laws. Axiom (A6) embodies the cubical law
ti(tj(q)) = tj−1(ti(q)) (i.e., the cubical law whereα is instantiated tot andβ to t).
Axiom (A6’) embodies the cubical law whereα andβ are both instantiated tos (e.g.,
si(sj(q)) = sj−1(si(q))). The two axioms (A7) and (A7’) relate to the cubical laws
whereα andβ are instantiated differently, one tos and the other tot; e.g.,si(tj(q)) =
tj−1(si(q)).

The other axioms talk about the dimensions of the cells and about the division of the
cells into layersQn.

– Axiom (A5) 〈〉i → 〈〉i⊤ says that if in a cell there can be terminated at leasti

different events then this means that this cell has dimension at leasti (i.e., one can
go i levels down by〈〉i⊤). This is natural because, as we said before, the dimension
of a cell is given by the number of events that are currently executing concurrently.

– Axiom (A5’) {}i⊤ → {}i says something of the opposite (it looks at the upper
levels instead of at the lower levels like the axiom before).The axiom says that if
from the current cell it can movei levels up (i.e., can reach a cell of dimensioni
greater than the current cell) then is must be that from the current cell there can be
started at leasti different new events.
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– Axiom (A9) 〈〉i⊤ → [{}]〈〉〈〉i⊤ has two purposes. In the basic variant (fori = 0 it
becomes[{}]〈〉⊤) it says that in any cell, however one starts an event then onecan also
terminate an event. In the general form the axiom says that from some leveli when
going one level up (by starting an event) and then one level down (by terminating
an event) we always end up on the same leveli; i.e., we end in a cell of the same
dimension like the cell that it started in.

– Axioms (A8) and (A8’) intuitively say that if some cell has dimension greater thani
then all the cells on that level have dimension greater thani.

For soundness of the axiomatic system it is enough to prove that the axioms (A5) to
(A9’) are valid. We start with axiom (A6) and assumeH, qn |= 〈〉[ ]ϕ for someqn ∈ Qn

and arbitraryn. This means that exists someqn−1 ∈ Qn−1 s.t.tk(qn) = qn−1 for some
1 ≤ k ≤ n with H, qn−1 |= [ ]ϕ, and from this it means that for any1 ≤ l ≤ n − 1,
H, tl(qn−1) |= ϕ. We need to show thatH, qn |= [ ]〈〉ϕ. This means that for anym 6= k

we have to find a1 ≤ m′ ≤ n − 1 s.t.H, tm′(tm(qn)) |= ϕ.3 This is easy by applying
the cubical law, considering wlog.m < k, tm(tk(qn)) = tk−1(tm(qn)). Thus, them′ =
k − 1 for which trivially 1 ≤ k − 1 ≤ n − 1. From the assumption we showed that we
haveH, tm(tk(qn)) |= ϕ and henceH, tk−1(tm(qn)) |= ϕ.

For axiom (A6’) assumeH, qn |= {}[{}]ϕ with qn ∈ Qn. This means that exists
qn+1 ∈ Qn+1 and1 ≤ k ≤ n+1 s.t.sk(qn+1) = qn andH, qn+1 |= [{}]ϕ. Which means
that for anyqn+2 with sl(qn+2) = qn+1 for some1 ≤ l ≤ n+ 2, we haveH, qn+2 |= ϕ.
We want to show thatH, q |= [{}]{}ϕ which reduces to showing that for an arbitrary
q′n+1 ∈ Qn+1 with sm(q′n+1) = q for some1 ≤ m ≤ n + 1, we can find an1 ≤
m′ ≤ n+ 2 s.t.sm′(qn+2) = q′n+1. This is done by the cubical laws: ifm ≤ k consider
sm(sk+1(qn+2)) = sk(sm(qn+2)) and makem′ = k + 1 (it is clear thatm′ ≤ n + 2)
and thusH, sm(sm′(qn+2)) |= [{}]{}ϕ because we have said thatH, sk(sm(qn+2)) |=
[{}]{}ϕ; otherwise, ifk < m then consider the lawsk(sm+1(qn+2)) = sm(sk(qn+2)) (as
m + 1 ≤ n + 2) and takem′ = k, thus havingH, sm(sm′(qn+2)) |= [{}]{}ϕ because
H, sk(sm+1(qn+2)) |= [{}]{}ϕ.

For axiom (A7) assumeH, qn |= {}[ ]ϕwith qn ∈ Qn. This means that existsqn+1 ∈
Qn+1 and1 ≤ k ≤ n + 1 s.t.sk(qn+1) = q andH, qn+1 |= [ ]ϕ. Further, this implies
that for any1 ≤ i ≤ n + 1, H, ti(qn+1) |= ϕ. We want to prove thatH, q |= [ ]{}ϕ
which amounts to showing that for some arbitrary1 ≤ m ≤ n with tm(q) = qn−1

we can find an1 ≤ l ≤ n andq′n ∈ Qn s.t. sl(q
′
n) = qn−1 andH, q′n |= ϕ. This is

done with the cubical laws: ifm < k then consider the cubical lawtm(sk(qn+1)) =
sk−1(tm(qn+1)) and setl = k − 1 andq′n = tm(qn+1) for which we know from above
thatH, tm(qn+1) |= ϕ; otherwise ifk ≤ m (which also means thatk ≤ n) then consider
the cubical lawsk(tm+1(qn+1)) = tm(sk(qn+1)) and setl = k andq′n = tm+1(qn+1)
(wherem+ 1 ≤ n+ 1) for which we know thatH, tm+1(qn+1) |= ϕ.

For axiom (A7’) assumeH, qn |= 〈〉[{}]ϕ with qn ∈ Qn. This means that exists
1 ≤ k ≤ n andqn−1 s.t. tk(qn) = qn−1 andH, qn−1 |= [{}]ϕ, which means that for
any q′n with si(q

′
n) = qn−1 for some1 ≤ i ≤ n we haveH, q′n |= ϕ. We want to

prove thatH, qn |= [{}]〈〉ϕ which amounts to showing that for some arbitraryqn+1, with
sm(qn+1) = qn for some1 ≤ m ≤ n + 1, we can find an1 ≤ l ≤ n + 1 and aq′′n
s.t. tl(qn+1) = q′′n andH, q′′n |= ϕ. We use the cubical laws: ifk < m then consider
the cubical lawtk(sm(qn+1)) = sm−1(tk(qn+1)) and setl = k andq′′n = tk(qn+1)
for which we have said before thatH, tl(qn+1) |= ϕ because there is thesm−1 that

3 We do not consider thek because the case form = k is trivial from the assumption above,
where we know that fortk and anytl it is the case thatH, tl(tk(qn)) |= ϕ.
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reaches a cell which satisfies[{}]ϕ; otherwise ifm ≤ k then consider the cubical law
sm(tk+1(qn+1)) = tk(sm(qn+1)) and setl = k + 1 andq′′n = tk+1(qn+1) for which it
holds thatH, tl(qn+1) |= ϕ becauseH, sm(tl(qn+1)) |= [{}]ϕ.

For axiom (A8) assumeH, qn |= {}〈〉i⊤. This means that existsqn+1 and1 ≤ j ≤
n + 1 s.t.sj(qn+1) = qn andH, qn+1 |= 〈〉i⊤. This means that the dimension ofqn+1

is greater thani, i.e.,n + 1 ≥ i. We want to prove thatH, qn |= [{}]〈〉i⊤ which amount
to showing that for anyq′n+1 ∈ Qn+1 with sj(q

′
n+1) = qn for some1 ≤ j ≤ n+ 1 we

haveH, q′n+1 |= 〈〉i⊤. But we know from before that the dimension ofq′n+1 is at leasti;
this means that we can go down at leasti levels and on the lowest level any cell models
⊤. Hence we haveH, q′n+1 |= 〈〉i⊤.

For axiom (A8’) we use a similar argument based on the semantics of〈〉 and[ ] this
time.

For axiom (A9) assumeH, qn |= 〈〉i⊤ which means thatn ≥ i. Even more,〈〉i⊤
holds in any cellqn ∈ Qn of dimensionn. We need to prove thatH, qn |= [{}]〈〉〈〉i⊤. The
proof is trivial when there is noqn+1 with sj(qn+1) = qn. Therefore, we need to prove
that for anyqn+1 with sj(qn+1) = qn, for some1 ≤ j ≤ n + 1, H, qn+1 |= 〈〉〈〉i⊤.
Becauseqn+1 ∈ Qn+1 then it must have at least onet map that links it with some cell
q′n ∈ Qn on the lower level. Inq′n the formula〈〉i⊤ holds and thus we finished the proof.

For axiom (A9’) assumeH, qn |= {}〈〉〈〉i⊤ which means that existsqn+1 ∈ Qn+1

with sj(qn+1) = qn for some1 ≤ j ≤ n + 1 s.t.H, qn+1 |= 〈〉〈〉i⊤. This means that
n+1 ≥ i+1 and thusn ≥ i. Therefore, for anyq′n ∈ Qn the formula〈〉i⊤ holds because
we can go at leasti levels down and find any cell satisfying⊤, hence〈〉i⊤ holds also in
qn ∈ Qn.

Axioms (A5) and (A5’) require inductive arguments and we left them at the end.
For (A5) use induction oni, where the base case〈〉1 → 〈〉1⊤ is trivial. Consider that
H, q |= 〈〉i which means that there existi different cellsqj with 1 ≤ j ≤ i which
are the result of the application of at map toq. Becauset is a map it means that there
exist at leasti different mapstj with 1 ≤ j ≤ i. Therefore,q is of dimension at leasti
and anytj(q) is of dimension at leasti − 1. By the induction hypothesis we have that
H, tj(q) |= 〈〉i−1⊤ and thereforeH, q |= 〈〉〈〉i−1⊤, i.e.,H, q |= 〈〉i⊤.

For axiom (A5’) we also use induction where the base case for{}1⊤ → {}1 is
trivial. Consider thatH, q |= {}i⊤ which means that it existssj(q

′) = q s.t.H, q′ |=
{}i−1⊤. By the induction hypothesis we have thatH, q′ |= {}i − 1 which means that
there are at leasti − 1 differentq′′ with sk(q′′) = q′ for somek. Pick one suchq′′ and
note thatq, q′, q′′ enter into a cubical law: ifk > j thensj(sk(q′′)) = q = sk−1(sj(q

′′)),
or if k ≤ j thensk(sj+1(q

′′)) = q = sj(sk(q′′)). Any of the cases brings a cell different
thanq′ (eithersj(q

′′) or sj+1(q
′′)) which is linked through ans map toq. Similarly, all

thei−1 differentq′′ bring a different cell that links toq through ansmap. Thus we have
shown thatq is linked withi different cells through one of theirs maps.

For i > 2 we need to make sure that we really have new cells for eachq′′. Assume
(by reductio ad absurdum) that for two differentq′′k andq′′l , with sk(q′′k ) = q′ = sl(q

′′
l )

and wlog.k > j andl > j, we havesj(q
′′
k ) = sj(q

′′
l ) = q′j .4 On another hand, because

of the above cubical laws we havesl−1(q
′
j) = sk−1(q

′
j) which can be possible only when

k = l. This, together with the fact that bothq′′k andq′′l are linked with someq′′′ by an
s map, we can find them in the following cubical law:sk(sk+1(q

′′′)) = sk(sk(q′′′)).
If this is the case then there are some other cubical laws applicable:sj(sk+1(q

′′′)) =
q′j = sj(sk(q′′′)). From this we getsk(sj(q

′′′)) = sj(sk+1(q
′′′)) = sj(sk(q′′′)) =

4 Analogous arguments can be given for the other three cases depending onj, k, l.
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sk−1(sj(q
′′′)). This means that from the cellsj(q

′′′) there are two differents maps (i.e.,
sk−1 andsk) that end in the same cellq′j . This is not possible and hence we have the
contradiction.

Proof (of Lemma 2.15).By induction on the structure ofψ.

Base case: ψ = φ ∈ ΦB . From the definition we haveH, qn |= φ iff φ ∈ V(qn) iff
φ ∈ λ(qn).

Inductive step: The case for the Boolean connectives follows easily from the proper-
ties on atoms. Finally we treat cases for the two modalities.Consider the during modality.
The left to right direction is based on the canonicity ofH.

We proveH, qn |= {}ϕ ⇒ {}ϕ ∈ λ(qn). From the definition we know that∃q′ ∈
Qn+1 and∃0 ≤ i ≤ n+1 s.t.si(q

′) = qn andH, q′ |= ϕ. From the induction hypothesis
we have thatH, q′ |= ϕ iff ϕ ∈ λ(q′). Together with the canonicity ofH we have that
{}ϕ ∈ λ(qn). Proof finished.

For the right to left direction we use the saturation ofH. We prove{}ϕ ∈ λ(qn) ⇒
H, qn |= {}ϕ. Using the saturation ofH we have that∃qn+1 ∈ Qn+1 and∃0 ≤ i ≤
n + 1 s.t.si(qn+1) = qn andϕ ∈ λ(qn+1). By the induction hypothesis it implies that
H, qn+1 |= ϕ. Thus, by the definition we have thatH, qn |= {}ϕ.

The proof for the〈〉 modality is symmetric using the second conditions of canonicity
and saturation ofH.

Proof (of Lemma 2.17).
f u n c t i on e n r i c h ( n , q ,ϕ ){
Qn+1 := Qn+1 ∪ {qn+1} ; / / f r e s h c e l l
upda te mapsn+1 s.t. sn+1(qn+1) = q ;
l a b e l qn+1 wi th λ(qn+1) = {ϕ} ∪ {ψ | [{}]ψ ∈ λ(q)} ;
addSourceMaps ( n +1 ,qn+1 , 0 ,∅ ) ;
addTargetMaps ( n +1 ,qn+1 , 0 ,∅ ) ;

}
f u n c t i on addSourceMaps (k ,q ,m ,q′ ){

i f ( k>=1){
Qk−1 := Qk−1 ∪ {q1k−1, . . . , q

k−1−m
k−1

} ; / / f r e s h c e l l s
f o r ( l=1 t o m){

upda te maptk−l s.t. tk−l(q) = tk−m(tk−l+1(q
′)) ;

}
f o r ( i =k−1−m t o 1){

upda te mapsi s.t. si(q) = qi
k−1 ;

upda te mapsk−1 s.t. sk−1(q
i
k−1) = si(sk(q)) ;

l a b e l qi
k−1 wi th λ(qi

k−1) = λ(sk(q)) ;
addSourceMaps ( k−1,qi

k−1 , k−1−m−i , q ) ;
addTargetMaps ( k−1,qi

k−1 , 0 ,∅ ) ;
}}}

f u n c t i on addTargetMaps (k ,q ,m ,q′ ){
i f ( k >= 1){
Qk−1 := Qk−1 ∪ {q1k−1, . . . , q

k−m
k−1

} ; / / f r e s h c e l l s
f o r ( l=0 t o m−1){

upda te maptk−l s.t. tk−l(q) = tk+1−m(tk−l+1(q
′)) ;

}
f o r ( i =k−m t o 1){

upda te mapti s.t. ti(q) = qi
k−1 ;
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i f (m=0 && i =k ) l a b e l qi
k−1 by λ(qi

k−1) = {ψ | [ ]ψ ∈ λ(q)} ;
e l s e l a b e l qi

k−1 by λ(qi
k−1) = λ(tk(q)) ;

i f ( k > 1){
addTargetMaps ( k−1,qi

k−1 , k−m−i , q ) ;
f o r ( j =1 t o k−1){ / / add k−1 maps sj t o qi

k−1 c f . c u b i c a l laws
i f ( j< i ) upda te mapsj s.t. sj(ti(q)) = ti−1(sj(q)) ;
e l s e upda te mapsj s.t. ti(sj+1(q)) = sj(ti(q)) ;

}}}}}

For the sake of the presentation, in the algorithm we omittedthe fact that after we
finish adding all necessary formulas to a label (and before using this label further) we
grow the label set to an atom cf. Lemma 2.13(iv). We can do thisbecause we prove in
the following that all the labels that we build are consistent sets. Similarly for the lifting
construction in Lemma 2.18.

The proof has four stages: 1) we show that the enriched model is an extension of
the old model (i.e.,H′ ⊲ H); 2) we show that any set of formulas that the construction
attaches as a label to a new cell is a consistent set, so that itcan be grown to an atom, as
required; 3) we show that the extended modelH′ is still canonical; 4) we show thatH′

is a model indeed, i.e., that all the maps are in place and all necessary cubical laws are
respected. The proof makes use of the axioms (A7),(A7’), and(A9).

First of all remark that we do not change the initial shape or labels of the originalH;
we only add fresh cells and fresh maps for these cells. This means that the enrichedHDA

extendsH.
Before proving that the enriched modelH′ is canonical, we should make sure that

we indeed construct only consistent sets as labels. In this way Lemma 2.13(iv) can be
applied to grow each set that we construct into an atom. Thereare only two places where
we actually construct sets of formulas as labels; in all other places we just reuse labels of
other existing cells which are already atoms.

The first set that we construct is in the enrich function itself. Assume that this set
is not consistent, which means two cases: 1)ψ1 ∧ · · · ∧ ψk → ⊥, for ψi ∈ λ(qn+1)
and [{}]ψi ∈ λ(q) with 1 ≤ i ≤ k, and 2)ψ1 ∧ · · · ∧ ψk → ¬ϕ, for ψi ∈ λ(qn+1),
[{}]ψi ∈ λ(q), and{}ϕ ∈ λ(q). For case 1) we know from modal logic that[{}]ψ1 ∧
· · · ∧ [{}]ψk → [{}](ψ1 ∧ · · · ∧ ψk) which, together with the assumption, it means that
[{}]ψ1 ∧ · · · ∧ [{}]ψk → [{}]⊥. This means that[{}]⊥ ∈ λ(q) which is a contradiction with
the fact thatλ(q) is an atom containing an existential modality, namely,{}ϕ. For case 2)
we follow a similar argument to obtain[{}]ψ1 ∧ · · · ∧ [{}]ψk → [{}](ψ1 ∧ · · · ∧ ψk) →
[{}]¬ϕ → ¬{}ϕ. But this is a contradiction because the atomλ(q) already contains{}ϕ
and by Lemma 2.13(i) it cannot contain¬{}ϕ.

The second set of formulas that the enrich construction addsis in the addTargetMaps.
Assume that the set is inconsistent, i.e.,ψ1 ∧ · · · ∧ ψk → ⊥ for ψj ∈ λ(qi

n) and
[ ]ψj ∈ λ(qn+1) with 1 ≤ j ≤ k, whereti(qn+1) = qi

n. By arguments similar as
before we get[ ]ψ1 ∧ · · · ∧ [ ]ψk → [ ](ψ1 ∧ · · · ∧ ψk) → [ ]⊥ which would mean that
[ ]⊥ ∈ λ(qn+1). But this is not possible because of the axiom (A9) which essentially
says that there must be〈〉⊤ ∈ λ(qn+1), hence the contradiction. To be more precise,
consider our initial cellqn ∈ Qn of dimensionn and henceH, qn |= 〈〉n⊤ which by
axiom (A9) it means that[{}]〈〉〈〉n⊤ ∈ λ(qn). By the construction of the label ofqn+1

we have〈〉〈〉n⊤ ∈ λ(qn+1). Because of this, we have an existential formula〈〉⊤ in
the label that contains all the[ ]ψj at any level, and hence at any depth of recursion
calls to addTargetMaps. This means that at any recursive call the set of formulas that
addTargetMaps builds is consistent.
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We now prove that the enriched modelH′ is canonical. It is easier to treat the second
canonicity condition and we do that now. Assume that for the enrichedHDA thesecond
canonicity condition is broken; i.e., assumeti(q) = q′ for whichϕ ∈ λ(q′) and〈〉ϕ 6∈
λ(q), which is the same as¬〈〉ϕ ∈ λ(q) cf. Lemma 2.13(i) becauseλ(q) is an atom.
We take cases afterq. First, clearly, ifq, q′ ∈ H then the canonicity is assured by the
statement of the lemma (i.e.,H is canonical).

The rest is easy if we note that for new cells the only place where ti maps are added
is in the addTargetMaps function which is called in three places: forqn+1, for cells added
as targets for source mapssi, and for cells added as targets of termination mapsti. For
all these cases the fact that¬〈〉ϕ ∈ λ(q) implies that[ ]¬ϕ ∈ λ(q), and the construction
of the label ofq′ = ti(q) implies that¬ϕ ∈ λ(q′) which is impossible becauseλ(q′) is
constructed as an atom and by our assumptionϕ ∈ λ(q′).

Assume now that for the enrichedHDA thefirst canonicity condition is broken; i.e.,
assume it existssi(q) = q′ for whichϕ ∈ λ(q) and{}ϕ 6∈ λ(q′). We now take cases
afterq. First, if q, q′ ∈ H (i.e., is part of the old model that we have just enriched) then
the assumption is violated because these cells respect the canonicity conditions (by the
statement of the lemma).

Second, assume thatq = qn+1 andq′ = qi
n is one of the cells added by the function

addSourceMaps(n+1,qn+1). Each of these cells is labeled byλ(qi
n) = λ(sn+1(qn+1)).

By our assumption, this means that{}ϕ 6∈ λ(qn), which, becauseλ(qi
n) is an atom

it means that¬{}ϕ ∈ λ(qi
n). By axiom (A2’) it means that[{}]¬ϕ ∈ λ(sn+1(qn+1)).

This means, by the construction of the label ofqn+1, that¬ϕ ∈ λ(qn+1). This is a
contradiction as the atomλ(qn+1) already hasϕ.

Third, assumeq is one of the cells added by the addSourceMaps(n+1,qn+1) at some
recursion depth; i.e.,q = qi

k for some0 < k ≤ n (i.e., qi
k 6∈ Q0 ∧ qi

k 6∈ Qn+1)
and for some1 ≤ i ≤ k. Note thatsk(qi

k) = si(sk+1(q
j
k+1)) wheresi(q

j
k+1) = qi

k

and thatsi(sk+1(q
j
k+1)) ∈ H and sk+1(q

j
k+1) ∈ H. By assumptionϕ ∈ λ(qi

k) =

λ(sk+1(q
j
k+1)) and[{}]¬ϕ ∈ λ(qk−1) wheresj(q

i
k) = qk−1 for some1 ≤ j ≤ k. But

λ(qk−1) = λ(si(sk+1(q
j
k+1))). Because it is part of the oldH, si(sk+1(q

j
k+1)) respects

the canonicity constraints, meaning that¬ϕ ∈ λ(sk+1(q
j
k+1)) which is impossible as the

atomλ(sk+1(q
j
k+1)) already containsϕ by assumption.

Lastly, assumeq is one of the cells added by addTargetMaps(); i.e.,q = qi
k =

ti(qk+1) for some1 ≤ i ≤ k and some recursion depthk. The initial assumption says
that sj(q

i
k) = q′, for some1 ≤ j ≤ k. Wlog. we assumej < i and thus we are in

the case whenq′ = sj(ti(qk+1)) = ti−1(sj(qk+1)). This means that there is a source
from qk+1 to a cellq′′ which has a target toq′. But the cases above have treatedq′′ and
q′ and their target link respects the canonicity. Because of this and of the assumption
[{}]¬ϕ ∈ λ(q′), implies〈〉[{}]¬ϕ ∈ λ(q′′), call this(*) . From(*) , by axiom (A7’) it means
that [{}]〈〉¬ϕ ∈ λ(q′′) (**) . Note that addTargetMaps() builds the same labelsλ(qi

k) for
all i ≤ k and by the construction of these labels it means that[ ]ϕ ∈ λ(qk+1). From this
and addSourceMaps() we have two cases:(i) [{}][ ]ϕ ∈ λ(q′′), (ii) {}[ ]ϕ ∈ λ(q′′). From
(i) and(**) a simple reasoning gives that[{}](〈〉¬ϕ ∧ []ϕ) → [{}]〈〉(¬ϕ ∧ ϕ) → [{}]⊥
by (A2’). Which means that[{}]⊥ ∈ λ(q′′), and thus⊥∈ λ(qn+1) which is a contra-
diction. From(ii) we have by (A7) that[ ]{}ϕ ∈ λ(q′′) and together with(*) we have
〈〉({}ϕ∧ [{}]¬ϕ) → 〈〉{}(ϕ∧¬ϕ) →⊥ by axioms (A2) and (A2’). This is a contradic-
tion as⊥6∈ λ(q′′).

We should also make sure that we indeed construct a higher dimensional structure. A
careful reading of the enriching construction should answer this question in affirmative.
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We need to make sure that to each new cell we add all thes andt maps according to its
dimension and that we link these maps correctly according tothe cubical laws.

The enriching construction proceeds as follows. It takes our initial cell q and its di-
mensionn and the formula that gives the D1 defect. It adds a new cellqn+1 of dimension
one greater thanq and links this withq through thesn+1 map. It labels the new cell s.t.
the defect ofq is repaired. The labeling is not important for our current argument but it is
used in the argument for canonicity. To have the new cellqn+1 correctly added we need
to addnmoresmaps (i.e., thesi maps with1 ≤ i ≤ n) andn+1 moretmaps to it. Thes
maps are added by the addSourceMaps and thet maps are added by the addTargetMaps.

Consider now the addSourceMaps function which take as arguments the cell to which
it must add the maps and the dimension of this cell, together with two other arguments
used for bookkeeping of the cubical laws that need to be addedfor each cell. More pre-
cisely, them argument records how many cubical laws theq cell enters into. Note that
this function (the same as addTargetMaps) adds maps only if the dimension of the cell
is greater than0, because, by definition, states in aHDA have no maps. addSourceMaps
adds onlyk − 1 maps to its cell argument because ones map has already been added
before (e.g., forqn+1 we have added the mapsn+1 and it remains to add the other maps
from s1 to sn). All these maps link to new cells of dimension one lower (i.e., dimension
k− 1). Actually there are less new cells because some of thes maps must link to already
existing cell so to respect the cubical laws. Them argument tells how manys maps
should come only from cubical laws and hence, we add onlyk − 1 −m new cells. The
next loop adds these maps respecting the cubical laws; e.g.,for the cellqn−1

n = sn−1(q)
we add the mapsn−1(q

n−1
n ) as the result ofsn−1(sn(q)) (which are cells that have al-

ready been added) because of the cubical lawsn−1(sn(q)) = sn−1(sn−1(q)). In fact,
for the cellq1n each of itss maps links to some existing cell, thus no new cells are added.

Each of thek − 1 − m new cells are linked withq by the correspondingsi map.
It is also added thesk−1 map (i.e., the map with greatest index among thek − 1 maps
that the cell needs). This is done so to respect the cubical lawssi(sk(q)) = sk−1(si(q)).
We now need to recursively add the requireds andt maps for the new cell. We call the
addSourceMaps for this cellqi

k−1 of dimensionk − 1 and, depending on the indexi in
the loop, we specify thatk−1−m− imaps should be added directly through the cubical
laws and not by using new cells. We must also carry along the nodeq to which the cubical
laws link. We also add thet maps forqi

k−1 by calling the addTargetMaps function.
The function addTargetMaps adds all thet maps of the cell (not one less as the

addSourceMaps is doing). addTargetMaps also tries to respect the cubical laws first, and
thus them argument tells which maps come only from a cubical law liketi(tj(q)) =
tj−1(ti(q)). For a cellq of dimensionk addTargetMaps addsk −m new cells of dimen-
sionk − 1 and links each of these cells through a correspondingti map. For each new
cell a recursive call to addTargetMaps is needed to add all the necessaryt maps. Thes
maps of the new cells are added in the end taking care that all the cubical laws of the
form si(tj(q)) = tj−1(si(q)) are respected. All theses maps are linked to cells which
come fromt maps that have been added by the addSourceMaps function before.

Proof (of Lemma 2.18).
The lifting construction is the following:

f u n c t i on l i f t ( n , q ,ϕ ){
addTargetMap ( n , q ,{ϕ} ,λ(q) ,∅ ) ;
addSourceMap ( n , q ,λ(q) ,∅ ) ;
f o r ( a l l c e l l s q′ 6= q ){

addTargetMap ( n ,q′ ,∅ ,λ(q′) ,∅ ) ;
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addSourceMap ( n ,q′ ,λ(q′) ,∅ ) ;
}}

f u n c t i on addTargetMap ( k , q , S1 , S2 , S3 ){
Qk−1 :=Qk−1 ∪ {qk−1} ; / / f r e s h c e l l
upda te maptk+1 s.t. tk+1(q) = qk−1 ;
l a b e l qk−1 wi th λ(qk−1) =S1∪{ϕ | [ ]ϕ ∈ S2∪ S3} ;
f o r ( i =1 t o k ){
ri

k−2 := addTargetMap ( k−1,si(q) ,∅ ,λ(si(q)) ,∅ ) ;
Qk−2 :=Qk−2 ∪ {ri

k−2} ;
upda te mapsi s.t. si(tk+1(q)) = ri

k−2 ;
λ(qk−1) :=λ(qk−1) ∪ {ϕ | [{}]ϕ ∈ λ(ri

k−2)} ; / / upda te l a b e l
}
f o r ( i =1 t o k ){
qi

k−2 := addTargetMap ( k−1,ti(q) ,∅ ,λ(ti(q)) ,λ(qk−1) ) ;
Qk−2 :=Qk−2 ∪ {qi

k−2} ;
upda te mapti s.t. ti(tk+1(q)) = qi

k−2 ;
}
re tu rn qk−1 ;

}
f u n c t i on addSourceMap ( k , q , S1 , S2 ){
Qk−1 :=Qk−1 ∪ {qk−1} ; / / f r e s h c e l l
upda te mapsk+1 s.t. sk+1(q) = qk−1 ;
l a b e l qk−1 wi th λ(qk−1) = {{}ϕ | ϕ ∈ S1∪ S2} ;
f o r ( i =1 t o k ){ / / add a f r e s h sk map t o each ti(q)
ri

k−2 := addSourceMap ( k−1,ti(q) ,λ(ti(q)) ,∅ ) ;
Qk−2 :=Qk−2 ∪ {ri

k−2} ;
upda te mapti s.t. ti(sk+1(q)) = ri

k−2 ;
λ(qk−1) :=λ(qk−1) ∪ {〈〉ϕ | ϕ ∈ λ(ri

k−2)} ; / / upda te l a b e l
}
f o r ( i =1 t o k ){ / / add a f r e s h sk map t o eachsi(q)

qi
k−2 := addSourceMap ( k−1,si(q) ,λ(si(q)) ,λ(qk−1) ) ;
Qk−2 :=Qk−2 ∪ {qi

k−2} ;
upda te mapsi s.t. si(sk+1(q)) = qi

k−2 ;
}
re tu rn qk−1 ;

}

The proof has the same four stages as the proof of Lemma 2.17: 1) showing that
H′ ⊲ H; 2) showing that the labeling introduces only consistent sets of formulas, so that
they can be grown to atoms; 3) showing thatH′ is still canonical; 4) showing thatH′

is a model indeed, i.e., that all the maps are in place and all necessary cubical laws are
respected. The proof makes use of the axioms (A5), (A6), (A6’), (A7’), (A8’), and (A9’).

Note that the algorithm finishes with a completely new layer of cells denotedQ−1; in
the end of the construction we have to rename all the layersQi intoQi+1 to make justice
to the cells that reside there which have now dimensioni+ 1 as we added ones and one
t map to each. Also note that the construction terminates iffq is in a hypercube of finite
dimension and in this case we ignore all the cells outside this cube. (The construction
always terminates when we use it in the repair lemma 2.19.) Clearly the two functions do
not change the labels nor the shape of the oldH and hence the liftedH′ extendsH. We
continue to show thatH′ is canonical.
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Generally the proof of canonicity will flow nicely from the labeling, but first we must
make sure that the labels introduced by the construction areconsistent sets (here is where
the axioms are put to work).

Each application of any of the two functions adds a single newcell and builds its label
as well as itss andt maps. Consider the addTargetMap function; there are two places
where the label is changed, first is in the beginning where thethree input sets are used,
and second is in the first loop where in each iteration the label is updated. The set S1 is
not empty only when the function is applied to the initial cell q from the statement of
the lemma. The lemma assumes thatq ∈ Qn is of dimensionn, denote itqn for this part
of the proof, and it contains〈〉ϕ ∈ λ(qb) for which none of itss maps containϕ. This
means that if before we could write〈〉n ∈ λ(qn) now we need to write〈〉n+ 1. Because
of axiom (A5) and Lemma 2.13(ii) it means that〈〉n+1⊤ ∈ λ(qn). (As a side remark,
we use Lemma 2.13(ii) tacitly in many places during the proofs of the two constructions
lemmas.)

The first call to addTargetMap(n,qn,{ϕ},λ(qn),∅) makes use of only sets S1 and S2
and constructs the set{ϕ} ∪ {ψ | [ ]ψ ∈ λ(qn)}. This set is associated toqn−1 =
tn+1(qn). The proof is easy for this case and uses arguments as in the proof before: if we
assumeψ1 ∧ · · · ∧ ψk → ⊥ then we get that[ ]⊥ ∈ λ(qn) which is a contradiction as
λ(qn) is an atom containing〈〉ϕ; if we assumeψ1 ∧ · · · ∧ ψk → ¬ϕ then we get that
[ ]¬ϕ ∈ λ(qn) which is again a contradiction.

The second call to addTargetMap is made for eachs map of a cellq (in the first loop
of the body of the addTargetMap) and it uses only the set S2. This means that it labels
a cell qn−1 = tn+1(q) with a set{ψ | [ ]ψ ∈ λ(q)}. Assumeψ1 ∧ · · · ∧ ψk → ⊥
which means that[ ]⊥ ∈ λ(q). This is a contradiction becauseλ(q) is an atom and it
contains at least one diamond formula. This is becauseq has dimension at least1 (as
it has at least onet map) and we show that any cell of dimensionn, with n ≥ 1, has
a formula〈〉n⊤ ∈ λ(q). We showed before that the topmost cellqn has the formula
〈〉n+1⊤ in its label and hence it is of dimensionn+ 1. This means that any cell reached
through one of itst maps will have the formula〈〉n⊤ because of axiom (A8’) which
says that〈〉〈〉n⊤ → [ ]〈〉n⊤ it means that[ ]〈〉n⊤ ∈ λ(qn) and by the construction of
their labels it means that〈〉n⊤ ∈ λ(tj(qn)). This holds for any cell reached through any
number of applications oft maps. On the other hand, the cells reached through ans map
from qn, by canonicity, they contain{}〈〉n+1⊤, which, by axiom (A9’) it means that
〈〉n⊤ ∈ λ(sj(qn)).

It remains to see that with each iteration of the first loop theupdated label remains
a consistent set. This update is necessary when we are tryingto respect the cubical
laws of the formsi(tk+1(q)) = tk(si(q)). The proof of this part follows an inductive
argument, where the basis was just proven above and the inductive case is for some
i iteration, where we consider that the label is a consistent set (and all the other la-
bels that the construction uses have been built already and,hence, are atoms). Assume
that for some[{}]ψ ∈ λ(tk(si(q))) there has already been added the¬ψ to λ(tk+1(q)).
This has happened in two cases: first if¬ψ comes fromλ(q), i.e., [ ]¬ψ ∈ λ(q) which
by canonicity it means that{}[ ]¬ψ ∈ λ(si(q)). On the other hand we also have that

〈〉[{}]ψ ∈ λ(si(q))
(A7′)
→ [{}]〈〉ψ ∈ λ(si(q)). Together with the above it means that

{}([ ]¬ψ ∧ 〈〉ψ) → {}〈〉(¬ψ ∧ ψ)
(A2),(A2′)

−→ ⊥ ∈ λ(si(q)) which is a contradiction
with the fact thatλ(si(q)) is an atom. The second case is when¬ψ has been added
in a previous iteration, i.e.,[{}]¬ψ ∈ λ(sj(tk+1(q))) with 1 ≤ j < i. But this means
that each of these two cells must have at least ones map and enter the cubical law



Modal Logic over Higher Dimensional Automata 27

sj(si(tk+1(q))) = si−1(sj(tk+1(q))) = q′′. By the canonicity of these lower cells
we have that{}[{}]¬ψ ∈ λ(q′′) and{}[{}]ψ ∈ λ(q′′). From axiom (A6’) we have that

[{}]{}ψ ∈ λ(q′′) and thus[{}]{}ψ∧{}[{}]¬ψ → {}({}ψ∧ [{}]¬ψ) → {}{}(ψ∧¬ψ)
(A2)
→

⊥ ∈ λ(q′′) which is a contradiction.
The application of addTargetMap in the second loop uses the S3 set also and we

are looking at cubical laws of typeti(tk+1(q)) = tn(ti(q)) whereS2 = λ(ti(q)) and
S3 = λ(tk+1(q)). Assume, for the sake of contradiction, that we have[ ]ψ ∈ λ(tk+1(q))
and [ ]¬ψ ∈ λ(ti(q)). By canonicity it means that〈〉[ ]ψ ∈ λ(q) and 〈〉[ ]¬ψ ∈ λ(q)
and from axiom (A6) we have[ ]〈〉¬ψ ∈ λ(q). This means that[ ]〈〉¬ψ ∧ 〈〉[ ]ψ →

〈〉(〈〉¬ψ ∧ [ ]ψ) → 〈〉〈〉(ψ ∧ ¬ψ)
(A2′)
→ ⊥ ∈ λ(q) which is a contradiction.

For the labels added by the addSourceMap function it is easy to see that no inconsis-
tencies can appear. In the beginning of the function, the label is constructed by applying
the{} modality to the formulas from S2 and S3. This cannot give inconsistencies. Then,
in the first loop of the function, the label is updated by adding formulas that apply the〈〉
modality, and again we cannot get inconsistencies.

Next we show thatH′ is canonical. Assume that for the liftedHDA the second
canonicity condition is broken; i.e., considerq ∈ Qn and assumeti(q) = q′ for which
ϕ ∈ λ(q′) and〈〉ϕ 6∈ λ(q), which is the same as¬〈〉ϕ ∈ λ(q). We take cases afterq.

First, clearly, ifq, q′ ∈ H (meaning that1 ≤ i ≤ n−1) then the canonicity is assured
by the statement of the lemma (i.e.,H is canonical).

Second,q ∈ H and q′ is added by addTargetMap as the new cell linked toq by
tn(q) = q′. Now we take sub-cases depending on where does theϕ formula come from.

– If ϕ ∈ S1; this is the case whenq is the initial cell from the statement of the lemma
and hence it cannot be that¬〈〉ϕ ∈ λ(q).

– If ϕ ∈ {ϕ | [ ]ϕ ∈ S2} then[ ]ϕ ∈ λ(q) and the assumption says that[ ]¬ϕ ∈ λ(q).
This is a contradiction as[ ]ϕ ∧ [ ]¬ϕ → [ ](ϕ ∧ ¬ϕ) → [ ]⊥ ∈ λ(q) which is not
possible because, as we showed before,λ(q) contains at least one existential formula,
i.e.,〈〉k⊤, wherek is the dimension ofq.

– If ϕ ∈ {ϕ | [ ]ϕ ∈S3} thenq′ is added by the second call to addTargetMap, which
means that we are respecting the cubical lawsti(tk+1(qk+1)) = tk(ti(qk+1)), for
1 ≤ i ≤ k and for someqn+1 for which ourq = ti(qk+1). Then by the construction
of the label it means that[ ]ϕ ∈ λ(tk+1(qk+1)) which by the canonicity of these
upper cells it means that〈〉[ ]ϕ ∈ λ(qk+1). By axiom (A6) it means that[ ]〈〉ϕ ∈
λ(qk+1) and thus, by the canonicity it means that〈〉ϕ ∈ λ(q) which is a contradiction
with our initial assumption as the labels are atoms and hence¬〈〉ϕ cannot be in the
labelλ(q).

– Lastly, assume thatϕ is one of the formulas accumulated in the label ofq′ as a result
of the first loop of addTargetMap. This means that we are respecting the cubical laws
si(tk+1(q)) = tk(si(q)) and [{}]ϕ ∈ λ(si(q

′)) = λ(si(tk+1(q))) = λ(tk(si(q))).
By canonicity of the other cells it means that〈〉[{}]ϕ ∈ λ(si(q)) which by axiom
(A7’) it means that[{}]〈〉ϕ ∈ λ(si(q)). By canonicity again it means that〈〉ϕ ∈ λ(q)
which is again a contradiction with our initial assumption.

Third, bothq andq′ are newly added by addTargetMap, meaning that we are looking
at the second loop. The proof is the same as before as the construction of the label and
axiom (A6) do all the work.

Forth, bothq andq′ are newly added by addSourceMap, which means that we are
in the first loop of addSourceMap and there exists aqk+1 with sk+1(qk+1) = q and
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ti(sk+1(qk+1)) = q′ = sk(ti(qk+1)) for somei. By the construction of the label of
sk+1(qk+1), i.e.,λ(q), we have that for our formulaϕ ∈ λ(q′) there exists〈〉ϕ ∈ λ(q)
because these are added in the label ofq in thei step of the loop.

Assume that for the liftedHDA thefirst canonicity condition is broken; i.e., consider
q ∈ Qn and assumesi(q) = q′ for whichϕ ∈ λ(q) and{}ϕ 6∈ λ(q′), which is the same
as¬{}ϕ ∈ λ(q′), or, by axiom (A4),[{}]¬ϕ ∈ λ(q′). We again take cases afterq.

Consider thatq ∈ H andq′ is added by the function addSourceMap. This may be
done either in the first or in the second loop, but in any of the cases the construction of
the labels ensures that ifϕ ∈ λ(q) then{}ϕ ∈ λ(q′). The same holds for the case when
bothq andq′ are newly added by the second call to addSourceMap (in the second loop).

Consider the case when bothq andq′ are newly added by the first call to the function
addTargetMap. Our initial assumption says that[{}]¬ϕ ∈ λ(q′) which means, by the
iterative construction of the label ofq in the loop, that¬ϕ ∈ λ(q) which is a contradiction
with our initial assumption thatϕ ∈ λ(q).

By now we are sure that the labeling ofH′ is canonical. Now we show that the lifting
constructs indeed aHDA. This means that we must make sure that all the cells have the
right number ofs andt maps and that all the cubical laws are respected.

The lift function takes as input the reference cellq and its dimensionn together
with the formulaϕ that causes the defect (i.e.,〈〉ϕ ∈ λ). Then the function adds onet
map and onesmap toq by calling addTargetMap and addSourceMap respectively. These
two functions add one new cell and link it with either at or ans map. All other cells that
are connected toq must also be lifted, which is done in the loop of the lift function.

Consider now the addTargetMap which takes as arguments the cell q (and its dimen-
sionk) to which the newt map needs to be added. It also takes three sets of formulas
which are used to construct the label of the new cell. We do notdiscuss here the label-
ing because we did this before. The rest of the proof is concerned with the geometric
structure of the extendedH′.

The addTargetMap function adds a new cellqk−1 of dimension one lower than that
of the input cellq. It adds the newtk+1 map toq, which is the map with the largest
index (i.e., the new index showing that theq cell has now dimension one greater,k + 1).
The first loop does two operations. First it lifts all the old cells linked toq by ans map
by adding onet map to each. Then, all these cells enter under new cubical laws that
involve thes maps of the newly addedqk−1 cell. In this way we add all the necessary
s maps ofqk−1 and also lift all the cells linked by ans map toq and respect cubical
lawssi(tk+1(q)) = tk(si(q)). In the second loop we add the newtk map to each old cell
linked toq by ati map. At the same time we add all thet maps for the newqk−1 cell and
link these through the cubical lawsti(tk+1(q)) = tk(ti(q)).

The construction goes recursively at lower levels until reaching cells of dimension0.
These are the last cells lifted to have dimension1. Here the recursion stops.

Consider now the similar function addSourceMap which adds ones map to the input
cell q of dimensionk to make it now of dimensionk + 1. Therefore, it adds the map
sk+1(q) = qk−1. In the first loop the function adds the newsk maps to all the old cells
linked toq by atmap. This finishes what we started in the second loop of addTargetMap,
i.e., finishes lifting all theti(q) cells. It also takes care to respect all the new cubical laws
ti(sk+1(q)) = sk(ti(q)) and, hence, to add theti maps toqk−1.

The second loop complements what we started in the first loop of addTargetMap. We
finish adding thesk maps to all thesi(q) cells. It also adds all thes maps toqk−1 and
respects the new cubical lawssi(sk+1(q)) = sk(si(q)).

Proof (of Proposition 3.2).We prove the double implication
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H, q |= ¬〈〉⊤ → [{}][{}]⊥ iff H is as in Lemma 3.1,
for someHDA H and anyq ∈ Q a cell of any dimension. For theif direction if q ∈ Q1

thenH, q 6|= ¬〈〉⊤ and hence the axiom holds trivially. Whenq ∈ Q0 thenH, q |= ¬〈〉⊤
and thus it must be thatH, q |= [{}][{}]⊥. This is true because for anyq′ ∈ Q1 with
s1(q

′) = q it is the case thatH, q′ |= [{}]⊥ because there are noq′′ ∈ Q2 cf. Lemma 3.1.
For theonly if direction consider aH for which the axiom holds; we need to show

that anyQn with n > 1 is empty. Assume the opposite, that there existsqn ∈ Qn with
n > 1. This means that there is a sequences1(. . . si(qn)) = q0 of source maps that ends
in a cellq0 ∈ Q0 of dimension0. ButH, q0 |= ¬〈〉⊤ → [{}][{}]⊥, which means that there
cannot be this sequence of source maps unlessqn is of dimension at most1. This is a
contradiction and hence the proof is finished.

Proof (of Theorem 3.3).First we check that we capture exactly the semantics of standard
modal logic;H, q0 |= ♦ϕ iff H, q0 |= {}〈〉ϕ iff ∃q′ ∈ Q1 s.t.s1(q′) = q0 andH, q′ |=
〈〉ϕ iff ∃q′0 ∈ Q0 s.t.t1(q′) = q′0 andH, q′0 |= ϕ. This is the same as∃q′0 ∈ Q0 reached
in “one transition” fromq0 andH, q′0 |= ϕ. (We go only through one transition cell
q′ ∈ Q1.)

Clearly, with the axiom of Proposition 3.2,H, qn 6|= ♦ϕ for any qn ∈ Qn for any
n ≥ 1. Therefore,♦ϕ makes sense only interpreted in states fromQ0.

Second we check that the axioms of standard modal logic for♦ hold in our axiomatic
system. Clearly♦⊥ ↔ ⊥; just apply (A2’) and then (A2) to{}〈〉⊥. It is easy to see

that �ϕ ↔ ¬♦¬ϕ as¬{}〈〉¬ϕ
(A4)
↔ [{}]¬〈〉¬ϕ

(A4′)
↔ [{}][ ]ϕ and the semantic of�ϕ

is the right one, i.e., for anyq′0 ∈ Q0, reached through some transitionq′ ∈ Q1, is the
case thatH, q′0 |= ϕ. We prove now that♦(ϕ ∨ ϕ′) ↔ ♦ϕ ∨ ♦ϕ′. This is because

{}〈〉(ϕ ∨ ϕ′)
(A3′)
↔ {}(〈〉ϕ ∨ 〈〉ϕ′)

(A3)
↔ {}〈〉ϕ ∨ {}〈〉ϕ′ def

↔ ♦ϕ ∨ ♦ϕ′.
It is easy to see how we recover the corresponding inference rule for♦. We thus have

all the axiomatic system of standard modal logic and the proof is finished.

Proof (of Proposition 3.6).Essential for the proof is the fact thatU is interpreted over
restrictedHDAs which model Kripke structures. Precisely, they have only cells of di-
mension0 (the states) and1 (the transitions), and moreover, we know which are states
because the formula¬〈〉⊤ holds in all and only the cells of dimension0. Therefore, the
right formula of theU is evaluated only in states because(ϕ′∧¬〈〉⊤) can never hold in a
cell of dimension greater than0. Moreover, the transitions are not important for valuating
theϕ because the formula〈〉⊤ is always true in a transition (because any transition has a
target state). On the other hand the formula〈〉⊤ is never true in a state and hence theϕ

has to be true so that the whole left part of the until to hold.
For this proof we only concentrate on showing that the semantics of the U corre-

sponds to the well known LTL semantics. Thus, we should haveH, q0 |= ϕU ϕ′ iff exists
a finite sequenceq10 , . . . , q

k
0 with q10 = q0, H, qk

0 |= ϕ′, H, qi
0 |= ϕ for all 1 ≤ i < k,

and for any1 < i ≤ k qi
0 is reachable through a single transition fromqi−1

0 . We have
H, q0 |= (ϕ ∨ 〈〉⊤)U (ϕ′ ∧ ¬〈〉⊤) and by the semantics ofU from Definition 3.5 we
know that∃π a path in the Kripke structure (i.e., going only through cells of dimen-
sion 0 or 1; which means is of the formq0, q1, q′0, . . . ) s.t. st(π) = q0 ∧ en(π) = q′,
H, q′ |= (ϕ′ ∧ φ0), and∀q′′ ∈ π, q′′ 6= q′ thenH, q′′ |= (ϕ ∨ 〈〉⊤). Clearlyq′ ∈ Q0

because¬〈〉⊤ must hold inq′ and henceϕ′ holds in a state, i.e.,H, q′ |= ϕ′. It remains
to show that in allq′′ which are states (i.e., thoseq′′ ∈ Q0) we have thatH, q′′ |= ϕ.
But we know thatH, q′′ 6|= 〈〉⊤ becauseq′′, being a cell of dimension0, has not map.
Therefore, using the before we have thatH, q′′ |= ϕ.


